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A VAN DER CORPUT TYPE LEMMA FOR
OSCILLATORY INTEGRALS WITH HOLDER AMPLITUDES
AND ITS APPLICATIONS

HussAIN AL-QASSEM, LESLIE CHENG, AND YIBIAO PAN

ABSTRACT. We prove a decay estimate for oscillatory integrals with
Holder amplitudes and polynomial phases. The estimate allows us to
answer certain questions concerning the uniform boundedness of oscilla-
tory singular integrals on various spaces.

1. Introduction

In the study of oscillatory integrals, a well-known result which is of funda-
mental importance is the van der Corput’s lemma. It has found applications
throughout many branches of mathematics such as harmonic analysis, func-
tional analysis, number theory, differential equations, probability theory, to
name just a few ([3,6,7,9,11-14,16,18,20,24,25]). The result can be stated as
follows:

Theorem 1.1. (i) Let ¢ be a real-valued C* function on [a,b] satisfying |¢™*)(x)|
> 1 for every x € [a,b]. Suppose that k > 2, or that k =1 and ¢’ is monotone
on [a,b]. Then there exists a positive constant ¢y such that

b
(1) ‘ / M@ dyg:

for all A € R. The constant ci is independent of A, a,b and ¢.
(ii) Let ¢ and cy be the same as in (i). If v € C'([a,b]), then

< Ck|)\|71/k

b
(2) ‘/ @ (x)da| < e ATV e fapy + 19121 (b))

holds for all A € R.
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Part (i) of the above theorem is what is classically called van der Corput’s
lemma. Part (ii) (which follows from (i) by integration by parts) is the version
one usually finds convenient to use in many applications.

On the other hand, there are problems in which one encounters oscillatory
integrals whose amplitudes are not C' (or nearly C'). The main purpose of
this paper is to establish a version of (2) when the amplitude v is in C%®, the
Holder classes.

Recall that, for any 0 < a < 1 and f : [a,b] — C,

[f(z) = f(y)l

cx,y € |a, b andx;éy}
|z —yl|*

I fllco.e((ap)) = Sup{

and
C%([a,b]) = {f : [ fllcoayy < 00}

When the phase function ¢ is linear, the corresponding oscillatory integral
with amplitude ¢ can be treated essentially as a Fourier coefficient of . It is
known classically to behave as O(]A\|~%) when |A\| = oo, if ¢ € C%“ (see page
36 of [8]).

We have the following:

Theorem 1.2. Let p(z) denote a real-valued monic polynomial of degree k and
I = [a,b]. Suppose that 1 € CO*(I) where o € (0,1/(k — 1)) when k > 2, or
a € (0,1] when k =1. Then there exists a di,o > 0 such that

(3) ‘ /Iew(“)w(fc)dl‘ < dia (AT F N e () + AT F D o ry)

for all A € R. The constant dy, o, is independent of A, a,b,p(x) and ¥(x).

For 1/k < o < 1/(k — 1), (3) provides the decay rate of |\|~/* which is
known to be optimal. But for a < 1/k, it is unclear whether (3) still provides
us with the optimal decay rate as |A\| — oo. Another interesting question for
future investigation is whether (3) continues to hold for more general phase
functions whose k-th derivative is bounded away from O.

It should be pointed out that the case a = 1 is not of primary concern here,
because it falls under a trivial extension of (2) to oscillatory integrals with
amplitudes having bounded variations.

We shall present the proof of Theorem 1.2 in Section 2. Applications will
be discussed in Section 3. There we will consider oscillatory singular integral
operators with polynomial phases and Calderéon—Zygmund kernels in the Holder
classes and explore their boundedness on various classical spaces. For LP spaces,
our work extends the well-known results of Ricci and Stein in [19] for the family
of C' Calderén-Zygmund kernels to the family of C%® Calderén-Zygmund
kernels. This particular theme of research began in [1] and [2]. As one will see
in Section 3, the questions raised in [2] are now answered in the affirmative.
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2. Proof of Theorem 1.2

By a change of variable if necessary, it suffices to show that there exists a
constant ¢y o, which depends on k and « only, such that

1
’ / eNP@) ) (z)dx
0

holds for all A > 2. Also, we will assume that k& > 2 and leave out the easier
case of £k = 1. Below we shall use A < B to mean that A < ¢B for a certain
constant ¢ which depends on some essential parameters only (those being k
and « in this instance).

Let Q(z) = p'(x). There exist (i,...,{s—1 € C (not necessarily distinct)
such that

< Coa NTYE Lo o.1)) + ATl cona(o,1)))

k—1
Qx)=k H(m — ().
j=1
Let
k—1
Q=100,1]nN < U [1¢5] — 2)\71/16’ ¢ + 2/\1/k]>.
Jj=1

Trivially we have

(5) ‘ / M@)oy (1) dae

The set [0, 1]\ is the union of at most k intervals. Let J = [u,v] be one such
interval. For x € J C[0,1]\Q and 1 < j <k —1,

lz— ¢l > ||| — |G| = = — ¢ > 2n~VE.

SATYE]| oo (0,17 -

Thus we have
k—1

Q@) =k ] |z — ¢l =28 eA-HP
j=1
for x € J. Without loss of generality, we may assume that Q(z) > 0 for all
x € J. It follows that p|; has a strictly increasing inverse function which we
shall denote by h(-).
If p(v) — p(u) < 2271, then

‘ / ixp(x x)dx

< (v = u)l[P] Loe (0,1

< (sup |Q(2)[ 1) (p(v) = p(w) [ V]l L= o,1)

xzeJ

SATVR9|| oo (fo,1)) -

We may now assume that p(v) — p(u) > 2xA~1. By letting v = h(p(u) + 7A71)
and 1 = h(p(v) — 7A™1), we have p(y) — p(u) = 7A~! and p(v) — p(n) = TA~L.
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It follows from the preceding argument that

’Y .
(©) e uta)dal 34wl o
™) | M@ uwpds| S X H [l 00
n
Let ®(t) = ¢ (h(t))h'(t). Then we have
/ei’\p(i)w(x)dx
J
:/ ei’\p($)1/)(x)d:c

_ (;) [ /u " M y(2)da + /17 ' ei’\p(“)zb(x)dx}

;) [/un eNP@(z)dx + [/U ei’\p(w)w(x)daﬂ]

p(n) p(v)
/ eMO(t)dt + e”‘tq)(t)dt}

p(u) p(7v)

(
)
(
_ ;)[ A ! M) () dar + /77 e“‘p(m)dJ(a:)d:c}
(
)

p(n) p(v)—mA~™t .
/ NP (t)dt + / et )<I>(t+7r>\1)dt}
p(y)—mA~?

) p(n)
_ (1 { / M) () + / M) —<I>(t+7r)\_1)]dt}.
2 [u7]U[n,0] p(u)
In light of (6)-(7) and the following inequality:

|®(t) — @(t+ A1)
< [p(h(t)) = P (h(t + AR (8) + [p(A(t +7A )[R () — ' (t+ 7271
< W llooa A(t) = At +7ATHR' (8) + [ lloo| B () — 1/ (¢ +7ATH)],
it suffices to prove that

p(n)
(8) / IB(t) — h(t + 72D R (£)dt < A~
p(u)

p(n)
) / W (t) = B (E 4+ A~ de < A8,
p(u)
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For any t € [p(u),p(n)] and t < s <t +7A~L, we have

s) = (0 < (suplQ()| ) ls —
xe
S 21_kk_1)\1_1/k(7r)\_1) S (7T/4))\—1/k < )\—1/]67
and, for 1 <j<k-—1,

Ih(s) = G| = h() — G| — Ih(s) — A(B)] = h() — G — A%,
Since h(t) € [u,n] C J,

[A(t) = Gl = [A(t) = |Gl = 227 YF,
which implies that

(10) [h(s) = G = (1/2)[A(t) = G-
Thus, for each t € [p(u),p(n)], there exists a 7 € [t,t + 7A™1] such that

[A(t) = h(t +7A7h)| = 7ATHQ(h(T))| !

k—1 —1
="kt ( I ) - gj|)
j=1
k—1 —1
< ol it ( 11 1ne) - g)
j=1
k—1 —1
<2t (T - 161)
j=1

It follows that

p(m) n k=1 —a
/ |h(t)—h(t+7r)(1)|ah’(t)dt§)ﬁ°‘/ (Hx—an) da.
p u j=1

()

For each j € {1,...,k — 1}, let & = min{|(;[,1}. Then, Yz € [u,n] C [0,1], we
have |z - &| € [0,1], |£U— Gl = [z = &;| and

k—1 —a —a(k—1)
(Tle-1al) < (i o=l
Jj=1

<Z|x—|<\| wth- 1><Z|x gl

Since a < 1/(k — 1), we thus have

(1) k—1 1
/ |h(t) — h(t 4+ 7A"Y) R/ (t)dt < A&(Z/ lz — £j|a(k1)dx>
p = Jo

()
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1
g Afa/ wfa(kfl)dw 5 )\704’
0

which proves (8).
Also, for each t € [p(u),p(n)], there exists a 7 € [t,t + 7A~!] such that

o= G) S
By letting s = 7 in (10), we get

|h(7) = ¢GI7H < 2[h(t) — G171
for 1 < j <k —1. Thus,

W(E) = W+ mATD S A7 (Zm )(IQ(}))P)
- (Zm ><k1H'h Cj'l>2
(Zm <J|>(kln'h Cj'_l)Q
- =a1) (o)
= AT (Z| 1) (i)
Thus

p(n) n sk=1 1 1
R'(t) — K A Hlat < At ( )( )d.
/M' (= m$ f 2 =g\ @)

For z € [u,n] and 1 < j < k — 1, by combining |z — ;| > |z — |(;|] > |z — &]
and |z — [¢;|| > 2A71, we have

| = Gl = (1/2)]e = & + A7,

Z/\

which implies that

(Z Iw—1<j|> (|Q2x>|> = (k- 1)<1s?2£_ﬂ¢jl>_l|cg<x>|l

k-1 -k
= (k) (1<]<k 1 o = Cg|)

k—1
<< k )Z_:W—Cj"’
Jj=1
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M

() S

Since z,&; € [0,1] and 0 < A~ < 1/2, we also have (1/2)|z—&;|+A~! € [\71,1].
Thus,

p(n) k=1 dx
/ ! T -1 -1
f MO —HCE RS (Z/ T )

1
ot [
A~

1/k w’“

which proves (9). The proof of Theorem 1.2 is now complete.

3. Oscillatory singular integrals

Let n € N, P(z,y) be a real-valued polynomial in x,y € R™ and K(z,y) be
a singular kernel. Consider the following oscillatory singular integral operator:

() Toii f v [ EPENK @) ()i

The standard conditions used to define Calderén—Zygmund kernels which have
C' smoothness away from their singularities are as follows:
There exists a B > 0 such that
(i) For all (z,y) € (R™ x R")\A where A = {(z,z) : x € R"},
12 K(x
(12) | (»y)|7| o
(i) K(x,y) € CY((R™ x R*)\A), and for (z,y) € (R™ x R")\A

(13) VoK (2,y)| + [V K(z,y)| < =g
(i)

(14) 17622y~ L2@®n) < B,

where

(15) Tof(x) = p.v. - K(z,y)f(y)dy.

Let’s begin with the following result of F. Ricci and E. M. Stein concerning
LP boundedness.

Theorem 3.1 ([19]). Suppose that conditions (i), (ii), (iii) are satisfied. Then,
for 1 < p < oo, there exists a Cp, > 0 such that
(16) TPk fllLe®n) < Cpll fllLemn)

for all f € LP(R™). The constant C,, may depend on p,n, B and deg(P) but is
independent of the coefficients of P.
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The above theorem is a strengthened form of Theorem 1 in [19], as described
in Section 5 of [19]. For earlier results on operators with bilinear phases, see
[17].

It is well-known that Calderén—Zygmund singular integrals are bounded on
LP spaces even when the C! condition (ii) is replaced by various weaker con-
ditions ([10,23]). One such family of Calderé6n-Zygmund kernels are those
K (z,y) which satisfy conditions (i), (i)', (iii), where (i) and (iii) are given as
above while (i)’ is the following Hélder type condition:

(ii)" There exists a § > 0 such that

Blz — 2|
(lz =yl + |z —y[)m+°

(17) K (z,y) - K(2',y)| <

whenever |z — 2’| < (1/2) max{|z — y|, |2’ — y|} and

Bly—y'°
(|z —y| + |z —y'[)n+?

(18) |K(.7J,y) —K(Z’,y/” <

whenever |y — | < (1/2) max{|z — y|, |z — ¢'|}.

A natural question is whether the corresponding oscillatory singular integrals
with polynomial phases remain bounded on LP spaces. As an application of
Theorem 1.2, we obtain the following extension of Theorem 3.1 in which the
Calder6n—Zygmund kernels K (z,y) are allowed to be in any Holder class while
the LP spaces can be the usual LP spaces with Lebesgue measures or weighted
LP spaces with any Muckenhoupt A, weights.

Theorem 3.2. Let B,6 > 0 and Tpx be given as in (11). Suppose that
1 <p<oo,we AyR") and K(z,y) satisfies (i), (i) and (iii). Then there
exists a positive C, which may depend on p, n, §, B, deg(P) and the A,
constant of w, but is independent of the coefficients of P, such that

(19) I Tpx fllor,mny < Cpllflle g
for all f € L (R™).

Proof. The special case of Theorem 3.2 in which P(z,y) is assumed to be
a bilinear form was proved in [1]. In what follows we shall concentrate on
showing how our new van der Corput type lemma allows us to treat the general
case of arbitrary polynomial phases. We therefore will provide details for the
aforementioned key steps only and refer the readers to [1] and [19] for the other
technical components needed for a complete proof.

For any nontrivial polynomial P(z,y), one can write

(20) P(,y) = Y 2°Qaly) + R(z,y),

la|=k
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where k > 1, R(z,y) is a polynomial whose terms do not contain any z7 with
|v| > k, and for each « satisfying |a| = k,

(21) Qa (y> = Z aaﬂyB + Qa(y)
[B]=m

with deg(ga) < m. By using a rotation (i.e., an orthogonal matrix H and
considering P(xH,yH) instead of P(z,y)), we may assume that for oy =
(k,0,...,0) and a certain [y satisfying |5o| = m,

(22) laas| S laags,l

for all |a| = k and |3] = m (see [22]). By using a dilation (z,y) — (tx,ty) if
necessary, we may further assume that |aq,s,| = 1. To see that there is no loss
of generality in doing so, we point out that the kernels t" K (tzH, tyH) satisfy
(i), (i) and (iii) with the same positive constants B and §.

By using a smooth dyadic decomposition and a rescaling for each piece in the
decomposition, the proof would eventually come to rest on obtaining a decay
estimate O(|\|~7?), o, > 0, for the L? — LP norm of the operators

Svif—= | eMPEY K (2, y)p(|x — y]) f(y)dy
as A — oo, where
¢ € C®(R), supp(¢) C[1/4, 4], and 0< ¢ <1

(here, in order to avoid unnecessary complications of notations, we continue to
use P and K for the new phase and kernel functions even after the rescalings).
Let Ly(x,y) denote the kernel of S5Sy. Then

(23) La(oy) = [ eNPEDPEIIR ) Rz g)ol: - al)oz — u)de
For any x € R™, we write x = (x1, %) where & denotes the point (z2,...,2,) in
R" L. For z,y,z € R, let

Ga;y}i(zl) = K(z,x)K(z,y)qb(\z - $|)¢(|Z - y‘)
By (12) we have
(24) 1Gay,z ()l Lo m) < B

Also, it follows from (12) and (17) that there exists a C' > 0 independent of
x,y and Z such that

(25) 1Gey.z()lcosw < C

(for a proof of (25), see pages 2415-2416 of [1]).
For s € N, a € R® and r > 0, let Bs(a,r) denote the ball centered at a in R?

with radius r. Let
inds 1
v = min — 5.
Tk
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By (23), we have

La(2,9)| < X508 (@ — ) X /
B, _1(2,4)NBn_1(7,4)

‘ / et (Qug (D)= Qug Ve I G (21 )z |d5,
Bl(a:l, ﬂBl(yl, )

where U, , z(-) is a polynomial of degree < k—1. It follows from (24)-(25) and
Theorem 1.2 that

(26) [LA(2, 9)] S ATXB.0,8) (T = Y)|Qap (7) = Qao (y)[ 7"

Let 11 = min{v, 7—}. By using (26) and [|Lx(-,-)||ec < 1 (if necessary), we have

[La(z,9)| S A7*XB,.0.8) (& = Y)|Qay () — Qay ()|

Since 0 < pu < E and |aa,g,| = 1, it follows from the proposition on page 182
of [19] that

m
/ |LA(I,Z/)|d$§>\“(Z |aaoﬁ|) <A

|B]=m
for all y € R™. Similarly,

[ maaidy s 2
for all x € R™. By Schur’s test,
(27) ||S)\||L2(Rn)*>L2(Rn) S /\_”/2.
By (12) and ¢ € C°(R™), we have
||S)\||L1(Rn)*>L1(Rn) + ||S)\||LOQ(R7L)*>LOC(R71) 5 1
and

(28) |Sx 1 S MuLf,

where My, is the Hardy-Littlewood maximal operator on R™. By interpolation
we get

(29) |‘SA|‘LP(R7L)_}LP(R") < A—#(1=2]1/p=1/2])/2

By a well-known property of A, weights, there exists a § > 0 such that
w't? € A,(R™). Both § and the A, constant of w!™? depend on n,p and the
A, constant of w only. It follows from (28) that

(30) 1SMlze ,,@m—re @ S 1
(see [5]). It then follows from (29)-(30) and Theorem 2 of [21] that
(31) [N (737

P (Rr)— LD (Rr) S AP
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with o, = p0(1 —2|1/p —1/2])/(2(1 + 0)) > 0. By (22), we also have

(32) Z Z |a0t5| S |a01050‘ =1

la]=k |B|=m
By using (31), (32) and a well-established procedure in the literature (see [1,

19]), one can obtain the LP boundedness of T . Details of the remaining
steps are omitted. O

In the endpoint case p = 1, for C' Calderén-Zygmund kernels, Tp ¢ were
known to be bounded from L% to L' (by Chanillo and Christ in [4]) and
also from the Hardy type space H}, (see definition below) to L! (by Pan in
[15]). We are now able to extend both results to the family of Hoélder class
Calderén—Zygmund kernels. We shall begin with the weak type (1, 1) result.

Theorem 3.3. Let B,§ > 0 and Tp x be given as in Theorem 3.2. Suppose
that K (x,y) satisfies (i), (ii) and (iii). Then Tpx is of weak type (1,1), i.e.,
there exists a positive C such that

(33) {z € R": [Tp i f(x)] > A} < CAT| fll 1 ey

for all f € L*(R™) and X > 0. Moreover, while the constant C' in (33) may
depend on n, 6, B and deg(P), it is otherwise independent of K(-,-) and the
coefficients of P.

In order to describe the Hardy space result, we begin by recalling the defini-
tion of the space Hp, which is a variant of the standard Hardy space H' first
introduced by Phong and Stein in [17] for bilinear phases and subsequently for
polynomial phases in [15].

Definition. A measurable function a(-) on R™ is called an atom if there exists
a cube @ such that supp(a) C Q, |la|e < |Q|! and

/ eP@ev)q(y)dy = 0.
Q

A function f is in Hj(R™) if there exist a sequence {);} in C and a sequence
of atoms {a,;} such that

(34) F=Y Xaj.
J
The H}, norm of f is the infimum of } ; IAj] over all possible expressions of f

described in (34).

We end the paper with the following theorem which extends Theorem 3 of
[2] from bilinear phases to polynomial phases:

Theorem 3.4. Let B,§ > 0 and Tp x be given as in Theorem 3.2. Suppose
that K (x,y) satisfies (i), (i)' and (iii). Then there exists a positive C such that

(35) 1Tk fllzr®ny < Cllfllay @n
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for all f € HL(R™). Moreover, the constant C' in (35) may depend on n, 6, B
and deg(P), but is otherwise independent of K(-,-) and the coefficients of P.

In each of the proofs of Theorems 3.3 and 3.4, there is a “local” part which
follows from the LP boundedness obtained in Theorem 3.2 which in turn relied
on Theorem 1.2, among other things. The “non-local” part of the weak type
(1,1) proof is more complicated than that of the Hj — L' result, requiring
an improved version of Lemma 4 in [2] in which bilinear forms are replaced by
general polynomials. This is where, once again, one uses Theorem 1.2. For the
sake of succinctness, details are omitted.

Acknowledgment. The authors wish to thank the referee for his/her helpful
comments and suggestions.
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