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Abstract

System FC, the core language of the Glasgow Haskell Compiler, is
an explicitly-typed variant of System F with first-class type equality
proofs called coercions. This extensible proof system forms the
foundation for type system extensions such as type families (type-
level functions) and Generalized Algebraic Datatypes (GADTs).
Such features, in conjunction with kind polymorphism and datatype
promotion, support expressive compile-time reasoning.

However, the core language lacks explicit kind equality proofs.
As a result, type-level computation does not have access to kind-
level functions or promoted GADTs, the type-level analogues to
expression-level features that have been so useful. In this paper,
we eliminate such discrepancies by introducing kind equalities to
System FC. Our approach is based on dependent type systems
with heterogeneous equality and the “Type-in-Type” axiom, yet
it preserves the metatheoretic properties of FC. In particular, type
checking is simple, decidable and syntax directed. We prove the
preservation and progress theorems for the extended language.

Categories and Subject Descriptors F.3.3 [Studies of Program
Constructs]: Type structure

General Terms Design, Languages

Keywords Haskell, Dependent types, Equality

1. Introduction

Is Haskell a dependently typed programming language? Many
would say no, as Haskell fundamentally does not allow expressions
to appear in types (a defining characteristic of dependently-typed
languages). However, the type system of the Glasgow Haskell
Compiler (GHC), Haskell’s primary implementation, supports two
essential features of dependently typed languages: flow-sensitive
typing through Generalized Algebraic Datatypes (GADTs) (Pey-
ton Jones et al. 2006; Schrijvers et al. 2009), and rich type-
level computation through type classes (Jones 2000), type fami-
lies (Chakravarty et al. 2005), datatype promotion and kind poly-
morphism (Yorgey et al. 2012). These two features allow clever
Haskellers to encode programs that are typically reputed to need
dependent types.

(© Stephanie Weirich, Justin Hsu and Richard A. Eisenberg. This is a major revision
of “System FC with explicit kind equality,” originally published in ICFP ’13, Septem-
ber 25-27, 2013, Boston, MA, USA, http://dx.doi.org/10.1145/2500365.
2500599, and includes the full technical material.

However, these encodings cannot accommodate all dependently-
typed programs. GADTs and type families are supported in FC,
GHC'’s typed intermediate language, through the use of first-class
type equalities (Sulzmann et al. 2007). However, FC lacks first-
class kind equalities limiting its expressiveness. As aresult, GADTs
cannot be promoted, because the type equalities in their definition
cannot be lifted to kind equalities. Furthermore, GADTs cannot
be indexed by kinds, which would require reasoning about kind
equality. Finally, although type families permit types to be defined
computationally, the lack of kind equalities means there are no
kind families in GHC. Although these features seem esoteric, they
are often necessary for encoding dependently-typed programs in
GHC (Eisenberg and Weirich 2012). We give concrete examples
that require these features in Section 2.

Our goal in this paper is to eliminate such nonuniformities with
a single blow, by unifying types and kinds. In essence, we augment
FC’s type language with dependent kinds—kinds that can depend
on types. This process is not without challenges—this dependency
has complex interactions with type equality. However, our ultimate
goal is to better support dependently typed programming in GHC,
and resolving these issues is an critical step.

Specifically, we make the following technical contributions:

e We describe an explicitly-typed intermediate language with
explicit equality proofs for both types and kinds (Sections 3
and 4). The language is no toy: it is an extension of the System
FC intermediate language used by GHC (Sulzmann et al. 2007;
Weirich et al. 2011; Yorgey et al. 2012; Vytiniotis et al. 2012).

We extend the type preservation proof of FC to cover the new
features (Section 5). The treatment of datatypes requires an im-
portant property: congruence for the equational theory. In other
words, we can derive a proof of equality for any form of type
or kind, given equality proofs of subcomponents. The compu-
tational content of this theorem, called /ifting, generalizes the
standard substitution operation. This operation is required in the
operational semantics for datatypes.

We prove the progress theorem in the presence of kind coer-
cions and dependent coercion abstraction. The progress theo-
rem holds under consistent sets of equality axioms. Our mod-
ifications require new conditions on axioms to ensure consis-
tency, and proving consistency requires significant changes to
the proof from prior work. We discuss these changes and their
consequences in Section 6.

We have implemented our extensions to FC in a development
branch! of GHC to demonstrate that our modifications are compat-
ible with the existing system, and do not invalidate existing Haskell

I Available online, from
http://www.cis.upenn.edu/~eir/packages/nokinds/.



programs. This implementation involves extensions to the core lan-
guage syntax, type checker and stepper (used in optimizations).

Although our designs are inspired by the rich theory of depen-
dent type systems, applying these ideas in the context of Haskell
means that our language differs in many ways from existing work.
We detail these comparisons in Section 7.

The scope of this paper only includes the design and implemen-
tation of kind equalities in the FC intermediate language; we have
not yet modified GHC’s source language, so promoted GADTs,
kind-indexed GADTSs and kind families are not (yet) available to
programmers. Although the required syntactic extensions are mi-
nor, extending GHC’s constraint solver requires careful integra-
tion with existing features. Furthermore, the encodings that work
around Haskell’s restriction that terms cannot appear in types often
impose heavy syntactic overheads—improved source-level support
for dependently-typed programming should also address this issue.
We describe this important future work in Section 8.

2. Why kind equalities?

Kind equalities enable new, useful features. In this section we use
an extended example to demonstrate how kind-indexed GADTs,
promoted GADTs, and kind families might be used in practice. Be-
low, code snippets that require kind equalities in their compilation
to FC are highlighted in gray—all other code snippets compile.’

The running example below defines “shallowly” and “deeply”
indexed representations of types, and shows how they may be
used for Generic Programming. The former use Haskell’s types
as indices (Crary et al. 1998; Yang 1998), whereas the latter use
an algebraic datatype (also known as a universe) (Altenkirch and
McBride 2002; Norell 2002). (Magalhdes (2012) gives more details
describing how extensions to Haskell, including the ones described
in this paper, benefit generic programming.)

Shallow indexing Consider a GADT for type representations:

data TyRep :: * — * where
TyInt : TyRep Int
TyBool :: TyRep Bool

GADTs differ from ordinary algebraic datatypes in that they
allow each data constructor to constrain the type parameters to
the datatype. For example, the TyInt constructor requires that the
single parameter to TyRep be Int.

We can use type representations for type-indexed programming—
a simple example is computing a default element for each type.

zero ::V a. TyRep a — a
zero TyInt =0 -- ‘a’ must be Int
zero TyBool = False -- ‘a’ must be Bool

This code pattern matches the type representation to determine
what value to return. Because of the nonuniform type index, pattern
matching recovers the identity of the type variable a. In the first
case, because the data constructor is TyInt, this parameter must be
Int, so O can be returned. In the second case the parameter a must
be equal to Bool, so returning False is well-typed.

However, the GADT above can only be used to represent types
of kind *. To represent type constructors with kind * — %, such
as Maybe or [1, we could create a separate datatype, perhaps called
TyRepl. However, this approach is ugly and inflexible—what about
tuples? Do we need a TyRep2, TyRep3, and more?

We might hope that kind polymorphism (Yorgey et al. 2012),
which allows datatypes to be parameterized by kind variables as
well as type variables, could be the solution. For example, the

2 with GHC 7.6 and the language extensions PolyKinds, DataKinds,
GADTs, ExplicitForAll and TypeFamilies.

following kind polymorphic type takes two phantom arguments,
a kind variable « and a type variable a of kind «.

data Proxy (a :: k) =P

However, kind polymorphism is not enough to unify the represen-
tations for TyRep—the type representation (shown below) should
constrain its kind parameter.

data TyRep :: V k. k — * where
TyInt :: TyRep Int
TyBool : TyRep Bool
TyMaybe :: TyRep Maybe
TyApp :: TyRep a — TyRep b — TyRep (a b)

This TyRep type takes two parameters, a kind k and a type of
that kind (not named in the kind annotation). The data constructors
constrain k to a concrete kind. For the example to be well-formed,
TyInt must constrain the kind parameter to x. Similarly, TyMaybe
requires the kind parameter to be x — *. We call this example a
kind-indexed GADT because the datatype is indexed by both kind
and type information.

Pattern matching with this datatype refines kinds as well as
types—determining whether a type is of the form TyApp makes
new kind and type equalities available. For example, consider the
zero function extended with a default value of the Maybe type.

zero ::V (a :: x). TyRep a — a
zero TyInt =0

zero TyBool False
zero (TyApp TyMaybe _) = Nothing

In the last case, the TyApp pattern introduces the kind variable k,
the type variablesb :: k — *andc :: k,and the type equality
a ~ b c. The TyMaybe pattern adds the kind equality k ~ * and
type equality b ~ Maybe. Combining the equalities, we can show
that Maybe c, the type of Nothing, is well-kinded and equal to a.’

Deep indexing Kind equalities enable additional features besides
kind-indexed GADTs. The previous example used Haskell types
directly to index type representations. With datatype promotion, we
can instead define a datatype (a universe) for type information.

data Ty = TInt | TBool
We can use this datatype to index the representation type.

data TyRep :: Ty — * where
TyInt :: TyRep TInt
TyBool :: TyRep TBool

Note that the kind of the parameter to this datatype is Ty instead
of *—datatype promotion allows the type Ty to be used as a kind
and allows its constructors, TyInt and TyBool, to appear in types.

To use these type representations, we describe their connection
with Haskell types via a type family (a function at the type level).

type family I (t :: Ty) :: *
type instance I TInt = Int
type instance I TBool = Bool

I is a function that maps the (promoted) data constructor TInt to
the Haskell type Int, and similarly TBool to Bool.

We can use these type representations to define type-indexed
operations, like before.

3 Note that although this definition of zero is exhaustive, it is unlikely that
an extended version of GHC will be able to determine that fact automati-
cally.



zero ::V (a :: Ty). TyRep a = I a
zero TyInt =0
zero TyBool = False

Pattern matching TyInt refines a to TInt, which then uses the type
family definition to show that the result type is equal to Int.

Dependently typed languages do not require an argument like
TyRep to implement operations such as zero—they can match
directly on the type of kind Ty. This is not allowed in Haskell,
which maintains a separation between types and expressions. The
TyRep argument is an example of a singleton type, a standard way
of encoding dependently typed operations in Haskell.

Note that this representation is no better than the shallow ver-
sion in one respect—I must produce a type of kind . What if we
wanted to encode TMaybe with Ty?

To get around this issue, we use a GADT to represent different
kinds of types. We first need a universe of kinds.

data Kind = Star | Arr Kind Kind

Kind is a normal datatype that, when promoted, can be used to
index the Ty datatype, making it a (standard) GADT.

data Ty :: Kind — * where
TInt :: Ty Star
TBool :: Ty Star
TMaybe :: Ty (Arr Star Star)
TApp :: Ty (Arr k1 k2) — Ty k1 — Ty k2

This indexing means that Ty can only represent well-kinded
types. For example TMaybe has type Ty (Arr Star Star) and
TApp TMaybe TBool has type Ty Star, while the value TApp
TInt would be rejected. Although this GADT can be expressed in
GHC, the corresponding TyRep type requires two new extensions:
promoted GADTs and kind families.

With the current design of FC, only a subset of Haskell 98
datatypes can be promoted. In particular, GADTSs cannot be used
to index other GADTS. The extensions proposed in this work allow
the GADT Ty above to be used as an index to TyRep or to be
interpreted by the type family I, as shown below.

data TyRep (k :: Kind) (t ::
TyInt :: TyRep Star TInt
TyBool : TyRep Star TBool
TyMaybe :: TyRep (Arr Star Star) TMaybe
TyApp  :: TyRep (Arr k1 k2) a — TyRep k1 b
— TyRep k2 (TApp a b)

Ty k) where

We now need to adapt the type family I to work with the new
promoted GADT Ty. To do so, we must classify its return kind,
and for that, we need a kind family—a function that produces a
kind by pattern matching a type or kind argument. For example, we
can interpret values of the Kind datatype as Haskell kinds like so:

kind family IK (k :: Kind)
kind instance IK Star = *
kind instance IK (Arr k1 k2) = IK k1 — IK k2

This interpretation of kinds is necessary to define the interpre-
tation of types—without it, this definition does not “kind-check’:

type family I (t :: Ty k) :: IK k

type instance I TInt = Int

type instance I TBool = Bool

type instance I TMaybe = Maybe

type instance I (TApp a b) = (I a) (I b)

However, once I has been defined, Ty and TyRep can be used
in type-indexed operations as before.

zero ::V (a :: Ty Star). TyRep Star a — I a
zero TyInt =0

zero TyBool False

zero (TyApp TyMaybe _) = Nothing

The examples above demonstrate all three features that kind
equalities enable: kind-indexed GADTSs, kind families, and pro-
moted GADTs. While these examples are all derived from generic
programming, we have also been able to use these features to ex-
press dependently typed programs from McBride (2012) and Oury
and Swierstra (2008). We omit these examples for lack of space.

We note that the Haskell syntax used in the gray boxes above
is hypothetical, as we have not extended the surface language.
However, an important first step is to enhance the core language,
System FC, so that it is expressive enough to support these features.
‘We now turn to this task.

3. System FC

System FC is the typed intermediate language of GHC. GHC’s ad-
vanced features, such as GADTs and type families, are compiled
into FC as type equalities. This section reviews the current status
of System FC, describes that compilation, and puts our work in
context. FC has evolved over time, from its initial definition (Sulz-
mann et al. 2007), to extensions F'Cs (Weirich et al. 2011), and
F, g (Yorgey et al. 2012). In this paper, we use the name FC for the
language and all of its variants. Our technical discussion contrasts
our new extensions with the most recent prior version, Fg

Along with the usual kinds (k), types (7) and expressions (e),
FC contains coercions () that are proofs of type equality. The
judgement

Thony

checks that the coercion v proves types 71 and 7> equal. These
proofs are used to change the types of expressions. For example, if
v is a proof of 71 ~ T2, and the expression e has type 71, then the
expression e >y (pronounced “e casted by ") has type 7.

Making type conversion explicit ensures that the FC typing re-
lation I' km e 7 is syntax-directed and decidable. This
is not the case in the source language; there type checking re-
quires nonlocal reasoning, such as unification and type class res-
olution. Furthermore, in the presence of certain flags (such as
UndecidableInstances), it may not terminate.

Straightforward type checking is an important sanity check on
the internals of GHC—transformations and optimizations must
preserve typability. Therefore, all information necessary for type
checking is present in FC expressions. This information includes
explicit type abstractions and applications (System FC is an exten-
sion of System F,, (Girard 1972)) as well as explicit proofs of type
equality.

For example, type family definitions are compiled to axioms
about type equality that can be used in FC coercion proofs. A type
family declaration and instance in source Haskell

T1 ~ T2

type family F a :: *
type instance F Bool = Int

generates the following FC axiom declaration:
axF : FBool ~ Int
When given a source language function of type
g ::V a. a— F a— Char
the expression g True 3 translates to the FC expression

g Bool True (3> sym axF)



that instantiates g at type Bool and coerces 3 to have type F Bool.
The coercion sym axF is a proof that Int ~ F Bool.

GADTs are compiled into FC so that pattern matching on their
data constructors introduces type equality assumptions into the
context. For example, consider the following simple GADT.

data T :: * — * where
TInt :: T Int

This declaration could have also been written as a normal datatype
where the type parameter is constrained to be equal to Int.

data T a = (a ~ Int) = TInt

In fact, all GADTs can be rewritten in this form using equality
constraints. Pattern matching makes this constraint available to the
type checker. For example, the type checker concludes below that
3 has type a because the type Int is known to be equal to a.

f:: Ta— a
f TInt = 3

In the translation to FC, the TInt data constructor takes this
equality constraint as an explicit argument.

Tint:Va: x.(a~Int)= Ta

When pattern matching on values of type 7' a, this proof is avail-
able for use in a cast.

f=Aa: x.Ax: T a. case = of
Tlnt (¢: a ~ Int) — (3>sym c)

Coercion assumptions and axioms can be composed to form
larger proofs. FC includes a number of forms in the coercion lan-
guage that witness the reflexivity, symmetry and transitivity of type
equality. Furthermore, equality is a congruent relation over types.
For example, if we have proofs of 71 ~ 72 and 7{ ~ 75, then we
can form a proof of the equality 71 71 ~ T2 75. Finally, composite
coercion proofs can be decomposed. For example, data construc-
tors T are injective, so given a proof of 7' 71 ~ T 79, a proof of
T1 ~ Ty can be produced.

Explicit coercion proofs are like explicit type arguments: they
are erasable from expressions and do not effect the operational
behavior of an expression. (We make this precise in Section 5.3.)
To ensure that coercions do not suspend computation, FC includes
“push rules”. For example, when a coerced value is applied to an
argument, the coercion must be “pushed” to the argument and result
of the application so that S-reduction can occur.

Fl—co’y 01— 02 ~TL — T2

S_PUSH
(v>7) e — (v(e>sym (nth' v))) > nth?

In this rule, if the expression (v > ) e is well typed, then v must
be a proof of the equality 01 — o2 ~ 71 — T72. The coercions
sym (nth' ~) and nth? ~ decompose this proof into coercions
for the argument (71 ~ o1) and result (o2 ~ T2) of the application.

4. System FC with kind equalities

The main idea of this paper is to augment FC with proofs of
equality between kinds and to use these proofs to explicitly coerce
the kinds of types. We do so via new type form: if type 7 has kind
K1, and vy is a proof that kind 1 equals kind k2, then 7 > 7 is type
7 casted to kind 2. There are several challenges to this extension,
which we address with the following technical solutions.

e Unifying kinds and types. A language with kind polymorphism,
kind equalities, kind coercions, type polymorphism, type equal-
ities and type coercions quickly becomes redundant (and some-
what overwhelming).
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Type constants

Arrow

Type/Kind

Type constructor
Promoted data constructor

Type-level names

Type variables
Type functions
Type constants

Types and Kinds

Names

Polymorphic types
Coercion abstr. type
Type/kind application
Casting

Coercion application

Propositions (coercion kinds)

Coercions

Variables

Axiom application
Reflexivity

Symmetry

Transitivity

Type/kind abstr. cong.
Coercion abstr. cong.
Type/kind app. cong.
Coercion app. cong.
Coherence

Type/kind instantiation
Coercion instantiation
nth argument projection
Kind equality extraction

Type or coercion

Expressions

Variables

Abstraction
Application
Type/kind abstraction
Type/kind application
Coercion abstraction
Coercion application
Casting

Data constructors
Case analysis
Absurdity

Patterns

Telescopes

Empty
Type variable binding
Coercion variable binding

Figure 1. Basic Grammar



Therefore, we follow pure type systems (Barendregt 1992) and
unify the syntax of types and kinds, allowing us to reuse type
coercions as kind coercions.* Although there is no syntactic
distinction between types and kinds, we informally use the
word fype (metavariables 7 and o) for those members that
classify runtime expressions, and kind (metavariable k) for
those members that classify expressions of the type language.

As in pure type systems, types and kinds share semantics—
there is a common judgement for the validity of both. Further-
more, our rules include the x:x axiom which means that there
is no real distinction between types and kinds. This choice sim-
plifies many aspects of the language design.

Languages such as Coq and Agda avoid the x:* axiom because
it introduces inconsistency, but that is not an issue here. The FC
type language is already inconsistent in the sense that all kinds
are inhabited. The type safety property of FC depends on the
consistency of its coercion language, not its rype language. See
Section 6 and Section 7 for more discussion of this issue.’

® Making type equality “heterogeneous”. As kinds classify types,
kind equality has nontrivial interactions with type equality.

Because kind coercions are explicit, there are equivalent types
that do not have syntactically identical kinds. Therefore, like
McBride’s “John Major” equality (2002), our definition of type
equality 71 ~ T2 is heterogeneous—the types 7 and 72 could
have kinds 1 and ko that have no syntactic relation to each
other. A proof v of 71 ~ 72 implies not only that 71 and 7
are equal, but also that their kinds are equal. The new coercion
form kind y extracts the proof of k1 ~ k2 from ~.

Another difficulty comes from the need to equate polymorphic
types that have coercible but not syntactically equal kinds for
the bound variable. We discuss the modification to this coercion
form in Section 4.3.1.

Coercion irrelevance. Coercions should be irrelevant to both
the operational semantics and type equivalence. The fact that a
coercion is used to change the type of an expression, or the kind
of a type, should not influence the evaluation of the expression
or the equalities available for the type. For the former, we
maintain irrelevance by updating FC’s “push rules” to the new
semantics (see Section 5 for details). For the latter, we carefully
construct our coercion forms to ignore coercions inside types
(Section 4.3.2).

Dependent coercion abstraction. As in prior versions of FC,
coercions are first class—they can be passed as arguments to
functions and stored in data structures (as the arguments to
data constructors of GADTs). However, this system differs from
earlier versions in that the type form for these objects, written
Y ¢: ¢. T, names the abstracted proof with the variable ¢ and
allows the type 7 to refer to this coercion.

This extension is necessary for some kind-indexed GADTs. For
example, consider the following datatype, which is polymor-
phic over a kind and type parameter.

data T ::V k. k — * where
K::V (b:: ). b—> Thb

4GHC already uses a shared datatype for types and kinds, so this merge
brings the formalism closer to the actual implementation.
3 If a consistent type language were desired for FC for other reasons, we be-

lieve that the ideas presented in this paper are adaptable to the stratification
of * into universe levels (Luo 1994), as is done in Coq and Agda.

The single data constructor K constrains the kind to be * but
does not otherwise constrain the type.

After translation, the data constructor should be given the fol-
lowing FC type, where the abstracted kind coercion c is used to
cast the kind of the parameter k.

KiVk:x, bik. Ve (k~%). (brc) = Tkb

4.1 Type system overview

The next few subsections go into more detail about these technical
points. We start with a quick tour of the type system.

The new syntax for FC appears in Figure 1; forms that are new
or modified in this paper are highlighted—these modifications are
primarily in the type and coercion languages. Also, note that * is
a new type constant and ~ is a metavariable for types. The only
difference in the grammar for expressions is that type abstractions
and kind abstractions have been merged. In general, the type system
and operational semantics for the expression language is the same
here as in prior versions of FC.

A context I is a list of assumptions for term variables (z), type
variables/datatypes/data constructors (w), coercion variables (c),
and coercion axioms (C).

Pu=g |, o7 |, wk|T, o |, C:VA.¢

The type system includes the following judgements:

e T Context validity (Figure 5)
I'ky7: kK Type/kind validity (Figure 2)
I' k& ¢ ok Proposition validity (Figure 3)
I'km e : 7  Expression typing (appendix)
I'koy : ¢  Coercion validity (Figure 4)
I'Ke p < A  Telescope arg. validity  (appendix)

Each of the judgements is syntax directed: given the information
before the colon (if present), a simple algorithm determines if the
judgement holds, and recovers the information after the colon.

4.2 Type and kind formation

We next describe our extensions and modifications to the rules
classifying FC types into kinds, which appear in Figure 2. Some
of these rules are unchanged or only slightly modified from prior
versions of FC.

For example, rule K_VAR looks up the kind of a type-level
name from the typing context. Unlike previous systems, this rule
now covers the kinding of promoted constructors, since w ranges
over them. Recall that datatype promotion allows data constructors,
such as TInt, to appear in types and be the arguments of type
functions. Previously, the types of data constructors had to be
explicitly promoted to kinds (Yorgey et al. 2012). Now, any data
constructor may freely be used as a type. When the constructor is
used as a type, its kind is the same as the type of the constructor
when used as a term.

Rule K_ARROW gives the expected kind for the arrow type con-
structor. We use the usual syntactic sugar for arrow types, writing
71 — T2 for (—) 71 72. Note that the kind of the arrow type con-
structor is itself an arrow type. However, that circularity does not
cause difficulty. After that, the rule K_ALLT describes when poly-
morphic types are well formed.

The next two rules describe when type application is well-
formed. Application is overloaded in these rules, but the system
is still syntax-directed—the type of the first component determines
which rule applies. We do not combine function types o1 — o2
and polymorphic types V a: . o into a single form because of type
erasure: term arguments are necessary at runtime, whereas type ar-
guments may be erased. Although this distinction is meaningless at
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Figure 2. Kind and type formation rules
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Figure 3. Proposition formation rule

the kind level, it is benign. Identifying these forms at the kind level
while retaining the distinction at the term level would needlessly
complicate the language.

The rules K_STARINSTAR, K_CAST and K_CAPP and K_ALLC
check the new type forms. The first says that = has kind «.

To preserve the syntax-directed nature of FC, we must make the
use of kind equality proofs explicit. We do so via the new form 7>+
of kind casts: when given a type 7 of kind «1 and a proof  that kind
k1 equals kind k2, the cast produces a type of kind 2. Because
equality is heterogeneous, the K_CAST rule requires a third premise
to ensure that the new kind has the correct classification, so that
inhabited types have kind *.

To promote GADTs we must be able to promote data construc-
tors that take coercions as arguments, requiring the new application
form 7 ~. For example, the data constructor TlInt (from Section 3)
requires a type argument 7 and a proof that 7 ~ Int. Note that there
is no type-level abstraction over coercion—the form 7~ can only
appear when the head of 7 is a promoted datatype constructor.

4.3 Coercions

Coercions are proof terms witnessing the equality between types
(and kinds), and are classified by propositions ¢. The rules under
which the proofs can be derived appear in Figure 4, with the validity
rule for ¢ appearing in Figure 3. These rules establish properties of
the type equality relation:
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Figure 4. Coercion formation rules



e Equality is an equivalence relation, as seen in rules CT_REFL,
CT_SYM, and CT_TRANS.

e Equality is congruent—types with equal subcomponents are
equal. Every type formation rule (except for the base cases like
variables and constants) has an associated congruence rule. The
exception is kind coercion 7 > v, where the congruence rule is
derivable (see Section 4.3.2). The congruence rules are mostly
straightforward; we discuss the rules for quantified types (rules
CT_ALLT and CT_ALLC) in Section 4.3.1.

e Equality can be assumed. Coercion variables and axioms add
assumptions about equality to the context and appear in proofs
(using rules CT_VAR and CT_AXIOM respectively). These ax-
ioms for type equality are allowed to be axiom schemes—they
may be parameterized and must be instantiated when used.

The general form of the type of an axiom, C: V A. ¢ gathers
multiple parameters in a felescope, a context denoted with A of
type and coercion variables, each of which scope over the re-
mainder of the telescope as well as the body of the axiom. We
specify the list of instantiations for a telescope with p, a mixed
list of types and coercions. When type checking an axiom ap-
plication, we must type check its list of arguments p against
the given telescope. The judgement form I' ke p < A (pre-
sented in the appendix) checks each argument p in turn against
the binding in the telescope, scoping variables appropriately.

e Equality can be decomposed using the next six rules. For exam-
ple, because we know that datatypes are injective type func-
tions, we can decompose a proof of the equivalence of two
datatypes into equivalence proofs for any pair of correspond-
ing type parameters (CT_NTH). Furthermore, the equivalence
of two polymorphic types means that the kinds of the bound
variables are equivalent (CT_-NTH1TA), and that all instanti-
ations of the bound variables are equivalent (CT_INST). The
same is true for coercion abstraction types (rules CT_NTHICA,
CT_NTH2CA, and CT_INSTC).

Equality is heterogeneous. If y is a proof of the equality 7 ~
T2, then kind ~ extracts a proof of equality between the kinds
of 71 and 7o.

4.3.1 Congruence rules for quantified types
In prior versions of FC, the coercion Va: k.7 proved the equality
proposition V a: k. 71 ~ V a: k. T, using the following rule:
'kyw: %
IkoVark.y :

INakkey : 71~ T2

Var. 1)~ (Va k. 1) CT-ALLTX

This rule sufficed because the only quantified types that could be
shown equal had the same syntactic kinds « for the bound variable.
However, we now have a nontrivial equality between kinds. We
need to be able to show a more general proposition, V a: k1. 71 ~
Y a: k2. T2, even when k1 is not syntactically equal to x2.

Without this generality, the language does not satisfy the
preservation theorem, which requires that the equality relation be
substitutive—given a valid type o where a appears free, and a proof
I ko y T1 ~ T2, we must be able to derive a proof between
olr1/a] and o[12/a]. For this property to hold, if a occurs in the
kind of a quantified type (or coercion) variable V b: a. 7, then we
must be able toderive Vb: 7.7 ~ V b: 2. T.

Rule CT_ALLT shows when two polytypes are equal. The first
premise requires a proof n that the kinds of the bound variables
are equal. But, these two kinds might not be syntactically equal, so
we must have two type variables, a1 and az, one of each kind. The
second premise of the rule adds both bindings ai: k1 and az: K2
to the context as well as an assertion c that a; and ay are equal.

The polytypes themselves can only refer to their own variables, as
verified by the last two premises of the rule.

The other type form that includes binding is the coercion ab-
stractions, V ¢: ¢. 7. The rule CT_ALLC constructs a proof that
two such types of this form are equal. We can only construct
such proofs when the abstracted propositions relate correspond-
ingly equal types, as witnessed by proofs 7;1 and 72. The proof
term introduces two coercion variables into the context, similar to
the two type variables above. Due to proof irrelevance, there is no
need for a proof of equality between coercions themselves. Note
that the kind of c¢; is not that of 7;: the kind of ¢; is built from
types in both 7; and 2.

The rule CT_ALLC also restricts how the variables c¢; and c2
can be used in 7. The premises ¢1 # |y| and ¢z # || prevent these
variables from appearing in the relevant parts of . (The freshness
operator # requires its two arguments to have disjoint sets of free
variables.) This restriction stems from our proof technique for the
consistency of this proof system; we define the erasure operation
| - | and discuss this issue in more detail in Section 6.

4.3.2 Coercion irrelevance and coherence

Although the type system includes a judgement for type equality,
and types may include explicit coercion proofs, the system does
not include a judgement that states when two coercions proofs
are equal. The reason is that this relation is trivial—all coercions
should be considered equivalent. As a result, coercion proofs are
irrelevant to type equality.

This “proof irrelevance” is guaranteed by several of the coer-
cion rules. Consider the congruence rule for coercion application,
CT_CAPP: there are no restrictions on -2 and 4 other than well-
formedness. Another example is rule CT_INSTC—again, no rela-
tion is required between the coercions 1 and 2.

Not only is the identity of coercion proofs irrelevant, but it is
always possible to equate a type with a casted version of itself.
The coherence rule, CT_COH, essentially says that the use of kind
coercions can be ignored when proving type equalities. Although
this rule seems limited, it is sufficient to derive the elimination and
congruence rules for coerced types, as seen below.

lkoy : i~ Thnbm: k1 T mon: ke
[k (sym ((symy)bm2))>m @ Tibm~ 72 B 12
(Again, note that there is no relation required between 7; and 72.)

We use the syntactic sugar v > 11 ~ 72 to abbreviate the coercion
(sym ((sym~) >n32)) > 1.
Likewise, coherence derives a proof term for decomposing
equalities between coerced types.
I'key : by ~T2D72
T o sym ((71) >71) § 7§ (T2) > 2

LT~ T2

4.4 Datatypes

Because we focus on the treatment of equality in the type language,
we omit most of the discussion of the expression language and its
operational semantics. However, since we have collapsed types and
kinds, we must revise the treatment of datatypes, whose construc-
tors can contain types and kinds as arguments. Previously, the ar-
guments to datatype constructors were ordered with all kind argu-
ments occurring before all type arguments (Yorgey et al. 2012).
In this language, we cannot divide up the arguments in this way.
Therefore, we again use the technique of telescopes to describe the
more complex dependency between arguments.

The validity rules for contexts (see Figure 5) restrict datatype
constants 7" to have kind Vark.*. We call the variables @ the
parameters of the datatype. For example, the kind of the datatype
Listis V a: . x and the kind of the datatype TyRep (the first version
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Figure 5. Context formation rules (excerpted)

from Section 2) is V k: %, t: k. x. Furthermore, datatypes can only
be parameterized by types and kinds, not coercions.

Likewise, the same validity rules force data constructors K to
have types/kinds of the form

V@R VA. (¢ — Ta).

Each data constructor K must produce an element of 7" applied
to all of its parameters ar%. Above, the form V A. 7 is syntactic
sugar for a list of nested quantified types. The scope of the bound
variables includes both the remainder of the telescope A and the
form within the quantification (in this case, ¢ — 1" @).

The telescope A describes the existential arguments to the data
constructor. These arguments may be either coercions or types, and
because of the dependency, must be allowed to freely intermix.
For example, the data constructor Tylnt from Section 2 (a data
constructor belonging to TyRep : Vk: x, t: k. %) includes two
coercions in its telescope, one asserting that the kind parameter k
is %, the second asserting that the type parameter ¢ is Int:

Tylnt : Vkix, t:k.Veik ~ %, co:t ~ Int. TyRepkt

Likewise, the data constructor TyApp existentially binds &', a,
b, and c—one kind and two type variables followed by a coercion.

TyApp : Vk:x, t: k.VE %, a: k' — k, bk’ c:t ~ ab.
TyRep (K" — k) a — TyRepk’ b — TyRepkt

A datatype value is of the form K 7 p €, where 7 denotes the
parameters (which cannot include coercions), p instantiate the ex-
istential arguments, and € is the list of usual expression arguments
to the data constructor.

5. The “push” rules and the preservation theorem

Now that we have defined our extensions, we turn to the metathe-
ory: preservation and progress. While the operational semantics is
largely unchanged from prior work, we detail here a few key dif-
ferences. The most intricate part of the operational semantics of
FC are the “push” rules, which ensure that coercions do not inter-
fere with the small step semantics. Coercions are “pushed” into the
subcomponents of values whenever a coerced value appears in an
elimination context. System FC has four push rules, one for each
such context: term application, type application, coercion applica-
tion, and pattern matching on a datatype. The first three are straight-
forward and are detailed in previous work (Yorgey et al. 2012). In
this section, we focus on pattern matching and the S_KPUSH rule.

5.1 Pushing coercions through constructors

When pattern matching on a coerced datatype value of the form
K T p e, the coercion must be distributed over all of the argu-
ments of the data constructor, producing a new scrutinee K 7/ 5’ e’
as shown in Figure 6. In the rest of this section, we explain the rule

K:VarVA.c— (Ta) el
U = extend(context(vy); p; A)
T = Uy (a)
p = Uy(dom A)
foreach e; € ¢,
61{ = ¢e; D> W(O'Z)
case ((KT7pe)py)of p—u —
case (K 7'p ¢)of D= u

S_KPUsH

Figure 6. The S_KPUSH rule

by describing the formation of the lifting context ¥ and its use in
the definition of 7/, 5’ and ¢’.

The S_KPUSH rule uses a /ifting operation ¥(-) on expressions
which coerces the type of its argument (€ in Figure 6). For example,
suppose we have a data constructor K of typeVa: x. Fa — T a
for some type function F' and some type constructor 7". Consider
what happens when a case expression scrutinee (K Int e)>y, where
~y is a coercion of type T Int ~ T 7'. The push rule should convert
this expression to K 7’ (e > ") for some new coercion v showing
Flnt ~ F7'. To produce 7', we need to lift the type F a to a
coercion along the coercion nth' ~, which shows Int ~ 7’

In previous work, lifting was written o[a — -], defined by anal-
ogy with substitution. Because of the similar syntax of types and
coercion proofs, we could think of lifting as replacing a type vari-
able with a coercion to produce a new coercion. That intuition holds
true here, but we require more machinery to make this precise.

Lifting contexts We define lifting with respect to a lifting context
W, which maps type variables to triples (71, 72,~) and coercion
variables to pairs (11, 172). The forms 71 and 7 refer to the original,
uncoerced parameters to the data constructor (Int in our example).
The forms 7o and 72 refer to the new, coerced parameters to the
data constructor (like 7’ in our example). Finally, the coercion ~y
witnesses the equality of 71 and 7». No witness is needed for the
equality between 7, and n2—equality on proofs is trivial.

The lifting operation is defined by structural recursion on its
type argument. This operation is complicated by type forms that
bind fresh variables: V a: k. 7 and V ¢: ¢. 7. Lifting over these types

introduces new mappings in the lifting context, marked with .

V=0 | Vare(r,7m,7) | Yadr (n,72)
| W,ake> (a1,a2,¢) | U,codr> (a1, c2)

.o . . .
(We use the notation — to refer to a mapping created either with

> or with ~>.) A lifting context ¥ induces two multisubstitutions
Wy () and Wz(+), as follows:

Definition 5.1 (Lifting context substitution). U1 (-) and ¥ (-) are
multisubstitutions, applicable to types, coercions, telescopes, typ-
ing contexts, and even other lifting contexts.

1. Foreach a: k s (T1,72,7) in W, U1(-) maps a to T and VUo(+)
maps a to T.

2. For each c: ¢ N (Y1,72) in ¥, W1 (-) maps c to y1 and Vs (-)
maps c to ~ya.

Now, we can now state the judgement form I" b A «w U,
shown in Figure 7, which defines when a lifting context is valid
and compatible with a given telescope.

The two substitution operations satisfy straightforward substi-
tution lemmas, defined and proved in the appendix. The usual sub-
stitution lemmas, which substitute a single type or coercion, are a
direct corollary of these lemmas.
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Figure 7. Lifting context validity

We can now define lifting:%

Definition 5.2 (Lifting). We define the lifting of types to coercions,
written (1), by induction on the type structure. The following
equations, to be tried in order, define the operation. (Note that the
last line uses the syntactic sugar introduced in Section 4.3.2.)

¥(a) =y when a:k > (T1,72,7) € ¥
U(T) = (1) when 7 # dom(¥)
\I/(Tl'TQ) I\I/(Tl)\I’(Tz)

U(ry = V() (V1(7), ¥2(7))

(Y a: k. T) =V (a1, az, c). ' (1)

where U' = W a: k +> (a1, a2, ¢)
and a1, az, c are fresh

=V (o1) ¥ (o) (€1, 02). ¥'(7)
where U' = U, ¢:oq ~ o9+ (e1,c2)
and c1, co are fresh

W(rey) =W(7)>Wi(y) ~ Wa(y)

The lifting lemma establishes the correctness of the lifting op-
eration and shows that equality is congruent.

U(Veor~o2.T)

Lemma 5.3 (Lifting Lemma). If ¥ is a valid lifting context for
context I and the telescope A, and ', A ky T : K, then

Do U(7) : Ui(1) ~ Ua(T)

Lifting context creation In the S_KPUSH rule, the actual context
W used for lifting is built in two stages. First, context(~y) defines a
lifting context with coercions for the parameters to the datatype.

Definition 5.4 (Lifting context generation). If " ko 7y To ~
T o', and T:Va:k.x € T, where the lists 7, o/, and a: K are all
of length n, then define context(7y) as

- i€l..n
context(y) = ai: ki — (04, 0%, nth’ v)
Intuitively, (context())1(7) replaces all parameters a in 7
with the corresponding type on the left of ~ in the type of ~. Simi-
larly, (context(y))2(7) replaces a with the corresponding type on
the right of ~.

6 This definition is not just for the proof—it is implemented in GHC as part
of the optimizer to reduce case expressions.

The lifting context that results from this coercion is compatible
with the parameters of the datatype. More precisely:

Lemma 5.5 (Lifting context specification). IfI' ko v TG ~
T7T,and T:Vak.x € T'thenT he a7k «~ context(7).
Proof. Straightforward induction. O

Next, this initial lifting context is extended with coercions using
the operation extend(-), which adds mappings for the variables in
A, the existential parameters to the data constructor K. Due to
the dependency, we define the operation recursively. The intuition
still holds: (extend(¥; p; A))1(7) replaces free variables in 7 with
their corresponding “from” types, while (extend(¥;p; A))2(T)
replaces a variables with their corresponding “to” types.

Definition 5.6 (Lifting context extension). Define the operation of
lifting context extension, written extend(¥; p; A), as:

extend(V; &; @) = U
extend(U; 0, 7; A, a: k) =
U a:k s (1,70 U (k),sym ((T) > V' (k)))
where U’ = extend(¥; p; A)
extend(V; 0, v1; A, c:op ~02) =
', cior ~ a2 (7, sym (' (01)) 575 9 (02))
where U’ = extend(¥; p; A)

5.2 Type preservation

Now that we have explained the most novel part of the operational
semantics, we can state the preservation theorem.

Theorem 5.7 (Preservation). If I" km e
Thme : T

The proof of this theorem is by induction on the typing deriva-
tion, with a case analysis on the small-step. Most of the rules
are straightforward, following directly by induction or by substi-
tution. The “push” rules require reasoning about coercion propaga-
tion. We include the details of the rules that differ from previous
work (Weirich et al. 2010) in the appendix.

7 and e — €’ then

5.3 Correctness of push rules: The type erasure theorem

‘We care not only that the push rules preserve types, but that they do
“the right thing.” Do these rules reduce to no-ops if we erase types
and coercions?

To state this formally, we define an erasure operation | - | over
expressions. This operation erases types, coercions, and equality
propositions to trivial forms ey, e, and e, and removes all casts.
The full definition of this operation appears in the appendix, and we
present only the interesting cases here:

leT|=leloy  lev[=le[ec  [e>r]=]e|

With this operation, we can state that erasing types, coercions and
casts does not change how expressions evaluate e.

Theorem 5.8 (Type erasure). If e — €, then either |e| = |e/| or
le] — le’|.

6. Consistency and the progress theorem

The proof for the progress theorem follows the same course as in
previous work (Weirich et al. 2010). The progress theorem holds
only for closed, consistent contexts. A context is closed if it does
not contain any expression variable bindings—as usual, open ex-
pressions could be stuck. We use the metavariable 3 to denote
closed contexts.

Theorem 6.1 (Progress). Assume 3 is a closed, consistent context.
If Y km e1 : T and e1 is not a value v or a coerced value v > 7,
then there exists an es such that e1 — es.



The definition of consistent contexts is stated using the notions
of uncoerced values and their types, value types. Formally, we
define values v and value types £, with the following grammars:

v = Aio.e|lAak.e|ldap.e| KTpe
& = or—oon|Vako|Veo.o|TT

The canonical forms lemma tells us that the shape of a value is
determined by its type:

Lemma 6.2 (Canonical Forms). Say ¥ km v o. Then o is a

value type. Furthermore,

1. Ifoc =01 —o2thenvis \x:o1.eor KT pe.

2. Ifo=Var.o thenvisAha:k.ecorKTpe.

3 Ifo=Vc¢.o' thenvishe:mi ~m.cor KTpe.
4 Ifco=T7Tthenvis KTpe.

Definition 6.3 (Consistency). A context I is consistent if &1 and &
have the same head form whenever I ko v @ &1 ~ &o.

Although the extensions in this paper have little effect on the
structure of this proof compared to prior work, there is still work
to do: we need an new notion of acceptable contexts to allow kind
equalities, and we must prove that these contexts are consistent.

Our consistency argument proceeds in four steps:

1. Because coercion proofs are irrelevant to type equivalence, we
start with an implicitly coerced version of the language, where
all coercion proofs have been erased. Derivations in the explicit
language can be matched up with derivations in the implicit
language (Definition 6.4) so showing consistency in the latter
implies consistency in the former.

2. We define a rewrite relation that reduces types in the implicit
system by firing axioms in the context (Figure 8).

3. We specify a sufficient condition, which we write Good I'
(Definition 6.6), for a context to be consistent. This condition
allows the axioms produced by type and kind family definitions.

4. We show that good contexts are consistent by arguing that the
joinability of the rewrite relation is complete with respect to
the implicit coercion proof system. Since the rewrite relation
and erasure preserve the head form of value types, this gives
consistency for both the implicit and explicit systems.

Since we don’t want consistency to depend on particular proofs
of kind equality, we prove our results with an implicit version of the
type language. This implicit language elides coercion proofs and
casts from the type language, and has judgements (denoted with a
turnstile =) analogous to the explicit language but for a few key
differences where coercions are dropped from types.

First, the use of kind coercions are no longer explicitly marked
in types.

F'eEr:x TEy:rs~kr TE:*%
F'Er: &
Note that this system is no longer syntax directed—a type may have
several syntactically different kinds. This is not a problem, as we
use this system as a proof device for progress only.
Second, the coercion in an application is erased to ec.

't :Veg.k TEvy: ¢
FETeyn & kK

(In general, we use e, to represent an elided coercion proof.)

We define coercion proofs between erased types in a similar
fashion. Most of the rules carry over from the explicitly typed
system, but there are three major differences. First, the implicit
language does not include a coherence rule as there are no explicit
casts. In the explicit language, given a coercion proof I' o ~

IT_CAST

IT_CAprpP

T ~ 7', the coherence rule was used to construct a proof > '

where the kind of the first type 7 is changed, by applying a cast

7 > ~'. However, we can accomplish this in the implicit language,

by using IT_-CAST to implicitly cast the kind of 7 using coercion
!

Second, the coercion application congruence rule is modified in
accordance with coercion erasure.

Ty :7~71

F'ETew : k6 TET g : K

I' = (0o, 0co)
This rule says that if two erased coercion applications are well
formed, then if the two erased coercion abstractions are equal, there
is a proof that the two applications are equal.

The final difference is in the rule for coercion abstractions: The
requirement that ¢; and cz not appear in the (erased) coercion proof
~ is for purely technical reasons (see below).

To connect the explicit and implicit systems, we define an era-
sure operation:

ICT_CAprpP

DT e~ T e,

Definition 6.4 (Coercion Erasure). Given an explicitly typed term

T or coercion v, we define its erasure, denoted || or |v|, by
induction on its structure. The interesting cases follow:
[Toq = |7l o )l = (0o, co)
Tl = rlee Iypy| =
QMY = [7@(eco, 0co)
All other cases follow by simply propagating the | - | operation

down the abstract syntax tree. (The full definition of this operation
appears in the appendix.)

We further define the erasure of a context T, denoted |T'
erasing the types and equality propositions of each binding.

, by

Lemma 6.5 (Erasure is type preserving). If a judgement holds in
the explicit system, the judgement with coercions erased throughout
the context, types and coercions is derivable in the implicit system.

1. Ik T then |= |T'.

2.IfTky7: kthen|T| = |7] : |K|
3. If T b ¢ okthen |T| = |¢| ok

4. IfT oy = ¢then|T| = ||« [4].
5. fTkap< Athen|T| E|p| : |A]

We define a nondeterministic rewrite relation on open implicit
types in Figure 8. We say that o1 is joinable with o2, written
I |: 01 < 09, when both can multi-rewrite to a common reduct.

Consistency does not hold in arbitrary contexts, and it is difficult
in general to check whether a context is inconsistent. Therefore,
like in previous work (Weirich et al. 2010), we give sufficient
conditions written Good I, for a context to be consistent. Since
we are working with the implicit language, these conditions are
actually for the erased context.

Definition 6.6 (Good contexts). We have Good I" when the fol-
lowing conditions hold:

1. All coercion assumptions and axioms in T" are of the form
C:VA.(F 7T~ 7')orofthe form c: a1 ~ ag. In the first form,
the arguments to the type function must behave like patterns: for
all p, every 7; € T and every 7] such that U |= 7,[p/A] ~ 7,
there exists p' such that T, = 1i[p'/A) and T |= o ~ oy, for
each o, € p and o, € ﬁ'.

2. Axioms and coercion assumptions don’t overlap. For each F' T,
there exists at most one prefix 71 of T such that there exist C
and p where C:VA.F 55 ~ o1 € I'and 71 = oo[p/A].
These C and p are unique for every matching F 77.

3. For each a, there is at most one assumption of the form c: a ~
a orca ~a anda # d.
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Figure 8. Rewrite relation

4. Axioms equate types of the same kind. For each C: ¥V A. (F T ~
7') in T, the kinds of each side must equal: for some k, T'; A |=
F7 : kandTU,A = 7' : k and that kind must not mention
bindings in the telescope, I =k : *.

The main lemma required for consistency is the completeness
of joinability. Here, we write fcu(y) C dom T to indicate that all
coercion variables and axioms used in -y are in the domain of I

Lemma 6.7 (Completeness). Suppose thatT' = v : o1 ~ o2,
and fcv(y) C dom T for some subcontext T satisfying Good I,
ThenT = o1 < o2.

The proof of this theorem appears in the appendix. Here, we
highlight a technical point about coercions between coercion ab-
stractions. The completeness proof requires that all coercion vari-
ables in a coercion v must satisfy the requirements of Good con-
texts. As aresult, we need to restrict the coercion abstraction equal-
ity rule in both the implicit and explicit systems.

TEm:o01~0] ¢1=01~02
T'kEmn : oa~0o) ¢2=0) ~0h
a#y c#y

D, cii¢r, cipa =y 2 11~ 12
F'ZVCligbl.Tl Dok F':VC23¢2.7'2 Dok

I'EVam (e, )y + (Vergr.m) ~ (Ve g T2)

In this rule, the variables c¢; and cz cannot be used in v due
to the premises ¢1 # < and c2 # <. (The analogous rule in the
explicit system includes the premises ¢1 # || and c2 # |v|.) This
restriction is because c¢; and c2 may be inconsistent assumptions:
perhaps ci: Int ~ Bool. If we were to introduce these into the
context, induction would fail.

The consequence of these restrictions is that there are some
types that cannot be shown equivalent, even though they are in-
tuitively equivalent. For example, there is no proof of equivalence
between the types V ci: Int ~ b.Int and V ca: Int ~ b. b—a coer-
cion between these two types would need to use ¢; or c2. However,
this lack of expressiveness is not significant—in source Haskell, it
could only be observed through exotic uses of first-class polymor-

phism, which are already rare in general. Furthermore, this restric-
tion already exists in GHC’ and other dependently-typed languages
such as Agda and Coq. It is possible that a different consistency
proof would validate a rule that does not restrict the use of these
variables. However, we leave this possibility to future work.

7. Discussion and related work

Collapsing kinds and types Blurring the distinction between
types and kinds is convenient, but is it wise? It is well known that
type systems that include the I' sy % : * rule are inconsistent log-
ics (Girard 1972). Does that cause trouble? For FC the answer is
no—inconsistency here means that all kinds are inhabited, but even
without our extensions, all kinds are already inhabited.

The I' ks, x : * rule often causes type checking to be undecid-
able in dependently typed languages (Cardelli 1986; Augustsson
1998). This axiom permits the expression of divergent terms—if
the type checker tries to reduce them it will loop. However, type
checking in FC is decidable—all type equalities are witnessed by
finite equality proofs, not potentially infinite reductions.

At the source language level, which does reduce type expres-
sions, it is not clear whether adding the I' i, x : x rule could
cause type inference to loop (in the absence of language extensions
such as UndecidableInstances which already make divergence
possible). However, even though this version of FC combines types
and kinds, the Haskell source language need not do so (predictable
type inference algorithms may require more traditional stratifica-
tion). This gap would not be new—differing requirements for the
core and surface languages have already led FC to be more expres-
sive than source Haskell.

Heterogeneous equality Heterogeneous equality is an essential
part of this system. It is primarily motivated by the presence of de-
pendent application (such as rules K_INST and K_CAPP), where
the kind of the result depends on the value of the argument. We
would like type equivalence to be congruent with respect to appli-
cation, as is demonstrated by rule CT_APP. However, if all equal-
ities are required to be homogeneous, then not all uses of the rule
are valid because the result kinds may differ.

For example, consider the datatype TyRep : Vk: % .V b: k. x. If
we have coercions I" zo 11 * ~ kand I' ko 72 Int ~ 7
(withT' gy 7 : k), then we can construct the proof

I' ko (TyRep)y1v2 : TyRep x Int ~ TyRep s 7

However, this proof requires heterogeneity because the first part
((TyRep) 1) creates an equality between types of different kinds:
TyRep* and TyRep k. The first has kind x — %, whereas the
second has kind kK — *.

The coherence rule (CT_COH) also requires that equality be het-
erogeneous because it equates types that almost certainly have dif-
ferent kinds. This rule, inspired by Observational Type Theory (Al-
tenkirch et al. 2007), provides a simple way of ensuring that proofs
do not interfere with equality. Without it, we would need coercions
analogous to the many “push” rules of the operational semantics.

There are several choices in the semantics of heterogeneous
equality. We have chosen the most popular, where a proposition
o1 ~ o2 is interpreted as a conjunction: “the types are equal
and their kinds are equal”. This semantics is similar to Epigram
1 (McBride 2002), the HeterogeneousEquality module in the
Agda standard library,® and the treatment in Coq.” Epigram 2 (Al-

7 Currently, coercions between the types (Int ~ b) = Int and (Int ~
b) = b are disallowed

8http://wiki.portal.chalmers.se/agda/agda.php?n=
Libraries.StandardLibrary

“http://coq.inria.fr/stdlib/Coq.Logic.JMeq.html



tenkirch et al. 2007) uses an alternative semantics, interpreted as “if
the kinds are equal then the types are equal”. (This relation requires
a proof of kind equality before coercing types.) Guru (Stump et al.
2008) and Trellys (Kimmell et al. 2012; Sjoberg et al. 2012) use yet
another interpretation which says nothing about the kinds. These
differences reflect the design of the type systems—the syntax-
directed type system of FC makes the conjunctive interpretation
the most reasonable, whereas the bidirectional type system of Epi-
gram 2 makes the implicational version more convenient. As Gu-
ru/Trellys demonstrate, it is also reasonable to not require kind
equality. We conjecture that without the kind « coercion form, it
would be sound to drop the fourth condition from GoodI'.

Unlike higher-dimensional type theory (Licata and Harper
2012), equality in this language has no computational content. Be-
cause of the separation between objects and proofs, FC is resolutely
one-dimensional—we do not define what it means for proofs to be
equivalent. Instead, we ensure that in any context the identity of
equality proofs is unimportant.

The implicit language Our proof technique for consistency,
based on erasing explicit type conversions, is inspired by ICC
(Miquel 2001). Coercion proofs are irrelevant to the definition of
type equality, so to reason about type equality it is convenient to
ignore them entirely. Following ICC* (Barras and Bernardo 2008),
we could also view the implicit language as the “real” semantics for
FC, and consider the language of this paper as an adaptation of that
semantics with annotations to make typing decidable. Furthermore,
the implicit language is interesting in its own right as it is closer to
source Haskell, which also makes implicit use of type equalities.

However, although the implicit language allows type equality
assumptions to be used implicitly, it is not extensional type theory
(ETT) (Martin-Lof 1984): it separates proofs from programs so that
it can weaken the former (ensuring consistency) while enriching
the latter (with “type-in-type”). As a result, the proof language of
FC is not as expressive as ETT; besides the limitations on equalities
between coercion abstractions in Section 6, FC lacks n-equivalence
or extensional reasoning for type-level functions.

Explicit equality proofs In concurrent related work, van Doorn,
Geuvers and Wiedijk (Geuvers and Wiedijk 2004; van Doorn et al.
2013) develop a variant of pure type systems that replaces implicit
conversions with explicit convertibility proofs. There are strong
connections to this paper: they too use heterogeneous equality
and must significantly generalize the statement of a lifting lemma
(which they call “equality of substitutions”). However, there are
differences. Their work is based on Pure Type Systems, which gen-
eralize over sorts, rules and axioms; we only consider a single in-
stance here. They also show that the system with explicit equalities
is equivalent to the system with implicit equalities; we only show
one direction. Finally, as their work is based on intensional type
theory, it does not address coercion abstraction. Consequently, their
analogue to rule CT_ALLT is the following asymmetric rule.

I'kon @ K1~ K2
D, a1:61 oy @ 1~ T2[a1 b1/ ag]
thvaliﬂl.Tl Dok

'k Vaz: ka. D%
b 702 R2- T2 CT_ALLTA

Fkonaiki.y : (Var:ki.m) ~ (Vai: k2. 72)

We conjecture that in our system, the above rule is equivalent to
CT_ALLT.

8. Conclusions and future work

This work provides the basis for the practical extension of a popu-
lar programming language implementation. It does so without sac-

rificing any important metatheoretic properties. This extension is a
necessary step towards making Haskell more dependently typed.

The next step in this research plan is to lift these extensions
to the source language, incorporating these features within GHC’s
constraint solving algorithm. In particular, we plan future language
extensions in support of type- and kind-level programming, such
as datakinds (datatypes that exist only at the kind-level), kind syn-
onyms and kind families. Although GHC already infers kinds, we
will need to extend this mechanism to generate kind coercions and
take advantage of these new features.

Going further, we would like to also like to support a true “de-
pendent type” in Haskell, which would allow types to mention ex-
pressions directly, instead of requiring singleton encodings. One
way to extend Haskell in this way is through elaboration: we be-
lieve that the translation between source Haskell and FC could au-
tomatically insert the appropriate singleton arguments (Eisenberg
and Weirich 2012), perhaps using the class system to determine
where they are necessary. This approach would not require fur-
ther extension to FC. Alternatively, Adam Gundry’s forthcoming
dissertation'® includes II-types in a version of System FC that is
strongly influenced by an early draft of this work. If elaboration
does not prove to be sufficiently expressive, Gundry’s work pro-
vides a blueprint for future core language extension.

In either case the interaction between dependent types and type
inference brings new research challenges. However, the results
in this paper mean that these challenges can be addressed in the
context of a firm semantic basis.
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A. Additional semantics

Below, we list a few rules and definitions not included in the main
discussion.

A.1 Context well-formedness

These rules ensure that all assumptions in the context are well
formed and unique. They additionally constrain the form of the

kinds of datatypes and the types of data constructors.
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A.3 Expression typing and operational semantics

Expression typing
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A.4 Erasure operation
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B. Regularity

These typing judgements are designed to satisfy the following
generation properties that ensure that the subcomponents of each
judgement are valid.

Lemma B.1 (Regularity/Generation).

1 IfTky7: KthenT' ky k : xand ks T.
22 IfThkme : TthenT' ky 7 : xand ks T
3 IfT oy + 01 ~o02thenT' b 01 ~ 02 okand ks T

Proof. The proof of this lemma is a straightforward induction on
typing derivations, appealing to substitution Lemma C.4. O

C. Preservation

This section presents the necessary details for the proof of the
preservation theorem. The theorem itself is proved by induction
on the typing derivation with a case analysis of the rule used in the
operational semantics. Below, we present only three cases, those
for S_LKPUSH, S_TPUSH, and S_CPUSH. These are the only cases
that differ from the proof described in previous work (Weirich et al.
2010). We also present many supporting lemmas needed for these
cases, particularly regarding the treatment of lifting contexts.

C.1 Lifting contexts

A lifting context contains two types of mappings: those labeled
with — that denote a mapping from type or coercion variables

to existing types and coercions, and those labeled with ~» that
denote a mapping from type or coercion variables to fresh type and
coercion variables.

A lifting context is considered valid with respect to a context I'
and telescope A when the following judgement holds:

The A o U Lifting context validity

Ror T
Ihe @ e @

ThAoas¥ a#D,A
F'kyoi: Ui(k) Th oo
F}_co'y 01~ 02

I'he (A, a: k) & (¥, a: k — (01,02,7))

F'heAew U c#T,A
Fhkom : Ui(¢) Thonz : Ua(g)
Ihe (A, @) e~ (U, c:p— (01, 12))

o #T,A a#T,A c#TA
The A o U

Ihe (A, a:k) o (U, a: k> (a1, az, ¢))
F'heAew U ¢ #T,A c#T,A
Ihe (A, ¢ @) o (B, e > (c1, ¢2))

We can view the fresh bindings of a lifting context as a typing
context:

LC_EMPTY

Vs (k)
LC_Ty

LC_Co

LC_TYFRESH

LC_COFRESH

Definition C.1 (Single flattening). The operation \i/j turns a lifting
context into a typing context.

1. For each a: k v (a1, a2, c) € U, the context W; includes the
binding a;: V; (k).
2. For each c: ¢ Y (c1, ¢2), the context includes the binding

¢ ¥i(9).

Definition C.2 (Flattening). The operation U turns a lifting context
into a typing context.

1. For each a: k + (al, az, c) € U, the context U includes the
bindings a1: ¥1(k), a2: ¥2(k), c: a1 ~ ag.

2. For each c: ¢ Y (c1, ¢2), the context includes the bindings
C1: \Ill((;ﬁ), C2: \Ilz(d))

Lemma C.3 (Lifting context domains). IfI" b A «~ U, then the

domain of A equals the set of variables mapped in V.

Proof. Straightforward induction on the derivation of I bz A«
v. O

Lemma C.4 (Lifting context substitution). Suppose I' b A«
v,



LUT, AT by 71 kthenT, W, W, (T') ky W,(7) : (k) and by inversion
2. UF7§7F: For ¢ ok then T', W5, \PJ(F(I),?V ‘I’j(éb() ok ) AT kom @ 01~ 0}
3T, AT oy @ ¢thenD, U, W;(IV) koo Wj(y) @ Uy(e AT k . o
4 IfT, AT b A s W' then ez : 02 ™02
D0, W (1) be W (A) e W5(T) oL =01~ 02

S HT,AT ha p <= A then T,%;, U;(T") ha ;(p) < p2 = 01 ~ 0%

v;(A") _ a #

. / ’

6.Ijl—wfF,A,F,thenl—\,va,\IJj,\Ilj(F) CQ#"”

F,A,F', cr:d1, caipa oy 1 T~ T2
AT Ry Verrgr.mo: o+
F,A,F/ Ry Vearga.m %

We wish to show

Proof. We proceed by mutual induction. . , )
There are many cases to consider. We consider the interesting 0y W5, W5 (1) = Y w; ), wy (o)) (e, €2)-95(7)

ones here: (Ve ¥i(e1). Ui(11)) ~ (Ve Uj(2). U (72)).
To use rule CT_ALLC, we need to show
L0, (1) o Ws(m) = y(01) ~ ¥;(01) ey

D05, (1) beo Wi(m2) = Wy(02) ~ W5(05) ()

a1 # 1% (7)l 3

Case K_VAR: We know I', A,T' k, w : K, and by inversion, ks c2 # 195 (v)] 4)
[,A T andw: k € T, A, T'. We must show T, ¥;, ¥, (I") k T, o, N U, (do) b

W, (0) (). S 5 a0, e fon), e U(2) e ©)

J J V(7 Wy (m) ~ Wy ()

We have two cases: . , _

w € domT': Because w ¢ dom A, ¥;(w) = w. Furthermore, L, \??’ Ui (1) Ry Ve W5 (61). W (1) = = ©)

because « appears in I', A, T” before any element in A T,0;, U (1) by Vo Uy(2). Wy (72) = * @)

is declared, we know that x cannot refer to any variable . . .
declared in A. Therefore, ¥;(x) = k. By the induction We know (1), (2), (5), (6), and (7) by the induction hypothesis.

We can derive (3) and (4) by noting that ¥ () and |- | commute
with each other and that c;, c2 do not appear in W. Therefore, if
c1 # ||, then ¢1 # |¥, ()| and likewise for co. Now, we can

hypothesis, s T, W, W, (I"), and we can use rule K_VAR
toget T, U; U;(T") ky w : & as desired.

w € dom A: By Lemma C.3, a mapping w: K N (T1,72,7) apply CT_ALLC and we are done.
must exist in W. Here, we have two further cases, depending Case CT_AXIOM: We know I, AT ks Cp : 7i[p/A] ~
on the nature of the mapping: T2[p/A’], and by inversion, C VA' (m ~m) € T,AT

and T, A, T ket p <= A’. We must show
—: Inverting I' b A «~ W eventually gives us I' h ) A A
U;(w) : (k) (from rule LC_TY). Weakening then LW, 95 (I) Feo W5(C'P) W5 (na[p/A] ~ ma[p/AT])
givesus T', W, U (T") ky W (w) : ¥;(k) as desired. or, equivalently,
+: By the definition of W;, w: ¥,;(k) € ;. By the . r _
induction hypothesis, we can derive ks I', U5, U, (T). D05, 05 (I7) Feo C05(p) ,
Then, we apply rule K_VAR to get ', U;, ¥;(T) hky W5 (1) [ (P) /0 (AN)] ~ W(72)[¥ () /95 (A")]

Uj(w) = W;(k) as desired. To use CT_AXIOM to prove this fact, we need, in turn

w € domT': Because w ¢ dom A, ¥;(w) = w. Further- C: V(A (U(11) ~ Uj(12)) € T, ¥, T;(I)
. / . .
more,/ we kgow wik € T a}nd.therefore w: V; (k) ? 0,0, 0,(1) ke U, (5) < U (A
W; (T'). The induction hypothesis gives us ks I', U, ¥; (TV) ] ' T
and we can use rule K_VAR to derive T, \i,]_’ T;(T) by The 1nduct10p hypqthf:sm gives us the second fact a}bove. ‘
U, (w) : ¥;(k) as desired. By construction, a lifting context cannot map an axiom variable
w ¢ dom A: C'. Thus, appealing to Lemma C.3, we know that C' ¢ dom A.
We then have two cases:
Case K ALLC: We know AT K, Ve:gp.7 @ x, and by . .
inversion, [, A, T", c:¢ ky 7 : xand T, A, " '_pr & ok. We C € dom7T': Because C' is well-formed in I', the type of C

: f cannot mention any variables in A. Thus, ¥;(A’) = A/,
must show I', W;, U (I") by ¥ 2 W5 (). W (7) : W;(11) = 71 and ¥;(72) = 72. Then, we can conclude that
The induction hypothesis gives us T', ¥;, ¥, (F ), ¢ V;(9) hy G VA (11 ~ 72) € T and we are done.

y(r) : * and I \I/J’ U;(I') e Wy(¢) ok. Thus, by rule C € domT': In this case, we can conclude that

K_ALLC, F,\Ilj,\Ilj(F’) ky Ve U (¢). U (7) : *and we are , ,
done. C: V(AT ()(11) ~ Wj(72)) € W;(I7)

Case CT_ALLC: We know and we are done.

F,A,F/ |—co V(n17n2>(01, 02).’7 : (V C1: ¢1.7'1) ~ (V C2: ¢>2.T2) O



We will need the following lemmas to prove the lifting lemma:

Lemma C.5 (Lifting context coercions). If ' b A «~ W and ¥
?

contains the mapping a: k — (11, 72,7), then T, W beo v : 71 ~
To.

Proof. Straightforward induction on T" ke A «w W, O

Lemma C.6 (Weakened lifting context substitution). Suppose I' b
A s U,

LIT, ARy T: kthenT, Wk, (1) : ¥;(k)

22 IfTAtkoy : ¢thenT, U |—5.O Ui(y) = U(e)

3T, Abc A" e W then T, W b W (A) ews W, (T)

4. IfT,A ke p <= A then T, ¥ b W, (p) < ¥;(A)

(This lemma is the same as Lemma C.4, except the j subscripts in
the conclusion contexts are removed.)

Proof. Immediate from Lemma C.4 and weakening, noting that any

difference between \i/j and ¥ are guaranteed to be fresh bindings.
O

Lemma C.7 (Erased lifted coercions). Let W contain the mapping
cé = (CI’CQ)'IfF e A e Wand T, A Ry 7 ¢
c1 # |¥(7)| and c2 # |V (T)].

K, then

Proof. We proceed by induction on the typing derivation for 7.

Cases K_.STARINSTAR and K_ARROW: Trivial.

Case K_VAR: 7 = w, and we know ks ', A and w: k € T, A.
Here we have two cases:

w € dom A: We know w is a type variable, so w # c. Thus,
w appears either after or before ¢ in W. If w appears after
¢, then, by the fact that all mappings with — precede all
mappings with + in U, W(w) is some fresh variable ¢’,
and thus ¢; # |¥(w)| and c2 # |¥(w)] as desired. Going
forward, we can assume w occurs before c¢ in W. Now,
the mapping from w may be built with — or +. We have
already handled the latter case, so going forward, we can
assume that the mapping is built with —. U(w) = -~ for
some 7. However, this « is built from components all of
which are out of scope of ¢, c¢i1, and co. Thus, neither ¢;
nor ¢y appear in «y and thus do not appear in |y|. Thus,
c1 # | (w)| and c2 # |¥(w)]| as desired.

w ¢ dom A: In this case U(w) = (w). Because the spaces of
type variables and coercion variables are distinct, we know
that w # ¢1 and w # cg, as desired.

Case K_AAPP: 7 = 7172, and we know ', A gy 71 1 K1 — K2
and F,A '_ty T2 K1. Here, \I/(Tl Tz) = \I/(Tl)\IJ(TQ).
The induction hypothesis tells us that ci, c2 do not appear in
[W(71)|, | ¥ (72)|. Since |y1v2| = |y1] 72|, the desired result
follows directly from this result.

Case K_INST: Analogous to K_APP.

Case K_.CAPP: 7 = 71 1, and we know

VAR 11 Veod.k
D Akom : ¢

We have U(71v1) = U(71)(¥1(y1), Y2(71)). The induction

hypothesis tells us that ¢;, c2 do not appear in |¥(71)|. By the

definition of | - |, |¥ (71 v1)| = |¥(71)|(®co, ®co). Thus, c1, c2
do not appear in | W (7 71 )| as desired.

Case K ALLT: 7 = Va: k.7, and we know I', A, a: k
T ¢ xand A kK K *. Letting ¥/ = ¥, a:k
(a1, az, c¢) (for fresh a1, az, c), we have |U(V a: k.7")|

| Jogm

Vo) (ar, az, ). W' ()| = V|\I}(ﬁ)|(a1, az, c¢).|¥’'(7")|. The
induction hypothesis tells us that ¢1, c2 do not appear in |¥ (k)|
and [P’ (7")|, so we are done.

Case K_ALLC: Analogous to K_ALLT.

Case K_CAST: 7 = 7'>bnand weknow I', A kg, 7/ :
n ¢ K1~ Ka,and T, A ky ko : % We have |U (7' >n)| =
[B(-") b W1 (n) ~ Wa(n)| = |sym ((sym W(r')) > Ta(n)) >
U (n)| = sym (sym |¥(7')]). The induction hypothesis tells
us that ¢1, c2 do not appear in |¥(7")], so we are done.

K1, F, A Fo

O

Proof of Lemma 5.3 (Lifting): If I' hc A «w Wand I'A ky
T : K,then

| VAT U(r) @ Ui(1) ~ Wa(T)

Proof. We proceed by induction on the typing derivation for .

Case K_STARINSTAR: Trivial: T', W kz (%) @ % ~ .
Case K. ARROW: Trivial: T, W I, ((—)) : (=) ~ (=).
Case K_VAR: 7 = w, and we know ks ', A and w: x € T, A.
Here we have two cases:
w € dom A: By the definition of A, w must be a type variable
a. Using Lemma C.3, there must exist a mapping a: K N
(71,72,7) in U. Then, we know ¥ (w) = v, Uy (w) = 71,
and W2 (w) = 72. By Lemma C.5, we can get T, U oo o
Ty ~ T2, and thus T, U ko U(w) Uy (w) ~ Ua(w) as
desired.
w ¢ dom A: Trivial: T, ¥ k (w) : w ~ w.
Case K_APP: 7 = 7172, and we know ', A by 71 1 K1 — K2
and ', A ky 72 : k1. V(71 72) = ¥(11) ¥(72). The induction
hypothesis gives us

L,k U(r1)
D, o U(72)

2 Wy (1) ~ Ua(m1)
2 Uy (m2) ~ Ua(r2).
‘We now wish to use rule CT_APP, but we need to know
F,\i/ Ry U1(11) Ui(72) : o1
I, Ry Wa(r1) Ua(r2) @ 02
for some types o1 and o2. Lemma C.6 applied to the types of

71 and 72, along with straightforward typing rule applications,
gives us exactly these facts. Thus,

P,\i/ h:o \I’(Tl) \I’(TQ) : \111(7'1)\111(7'2) ~ \112(7'1)\112(7'2)
or
INATS U (71 72)

as desired.

Case K_INST: 7 = 71 72, and we know ', A iy 71 :
and, A by 72 -
previous case.

Case K_.CAPP: 7 = 7y v, andwe know DA lyy 71 @ Ve gk
and A ke v 0 ¢ U(miy) = W(m)(Wa(y1), Ya(m)).
The induction hypothesis gives us

F7\i’ h:o \I’(’Tl) : \111(7'1) ~ \If2(7'1).

: \111(7'1 7'2) ~ \112(7'1 7'2)

Y a:ki. ke
k1. This case then proceeds identically to the

‘We now wish to use rule CT_CAPP, but we need to know
F,A Hy \111(7'1)\111(’}/1) LR
F,A hy \IJQ(Tl)\I/Q(’yl) : K/I



for some types x and x’. Lemma C.6 applied to the types of
71 and 1, along with straightforward typing rule applications,
gives us exactly these facts. Thus,

LW ko W(mim) : Wa(m) Ua(m) ~ Wa(m1) Wa ()
or
Fa v l_CO ‘I/(Tl ’Yl)
as desired.

Case K ALLT: 7 =Va:k.7,andweknow ' A, a: s by 771 0 =
and ' A K, x : % We can use LC_.TYFRESH to derive
I'he A, ack e U a:k v (an,ag, ¢) for fresh ap, az, c.
Write ' for this extended lifting context.

We wish to show

T, U b ¥ (Va: k. 7")

WU (riy1) ~ Pa (T )

U (Vak. )~V (Vark. 1)

or, equivalently,

T, W beo V) (a1, a, ). 9/ () :
Var: Uy (k). UL(7") ~ ¥V az: Ua (k). Uh(r")
By the induction hypothesis, we have
D, ko U(K) 1 Up(k) ~ Uy(k)
D0 ko U (7))« Wi (7)) ~ Wh(r)
We wish to use CT_ALLT. The first two premises are already

satisfied, noting that U’ contains the extra bindings for the
second premise. We must show

D,k Va; - U,(k).9, (7)) : %

This fact comes directly from the use of Lemma C.6 applied to
the type of V a: k. 7.
Thus, we can apply CT_ALLT, and we are done.

Case K ALLC: 7 =V c:¢.7',andweknow T, A, c:p by 77 0 =
and I', A k¢ ok. We can use LC_COFRESH to derive I" h
A, c:dp e U e V> (c1, c2) for fresh ¢1, co. Write W’ for
this extended lifting context, and let ¢ = o1 ~ o2.

We wish to show

0,0 ko U(V e 7')

or, equivalently,

U (Ved )~ U (Veg. 1)

T, W beo Y(w (o), w(oa)) (€1, €2). 0/ (77) :
Ve Wy(or) ~ ¥y (o2). Ui (1) ~
Vo ca: Wa(o1) ~ Wa(o2). Uh(r)
We use inversion on I', A kg 01 ~ o2 ok to get
Ak o1 ki
AR o2 ke
By the induction hypothesis, we have
LU b U(o1) @ Ui(oy) ~ Ta(or)
D, o U(oa) : Ui(o1) ~ Uy(02)
D0 ko U/ (1) 2 Wh(7) ~ Wh(7)
We wish to use CT_ALLC. The first, second, third, fourth,
and seventh premises are already satisfied. The fifth and sixth
premises are ¢1 # |U'(7")| and c2 # |¥’'(7’)|, respectively.

We use Lemma C.7 to get these conditions. Now, it remains
only to show

0,0y Ve 2 (). W) (7)) = *

This fact comes directly from the use of Lemma C.6 applied to
the type of V c: ¢. 7'.

Thus, we can apply CT_ALLC, and we are done.

Case K_CAST: 7 = 7' > 7, and we know ['A Ky 7/ @ ki,
I'N'A ko 7 K1 ~ Ko, and I, A Ky k2 : * We wish to
show

| RV U(r'>n) @ U(r' bn) ~ To(r' >n)

or, equivalently,

D, ko sym ((sym W(r')) > U () & Wi (1) :
Uy (7) & Wi (n) ~ Wa(7') & Wa(n).
By the induction hypothesis, we have
0,0 ko U(7') = Uy (7) ~ Wa(r).

Using this fact with straightforward application of typing rules
gives us the desired result.

O

C.2 Metatheory for S_. KPUSH Preservation

Having proved the lifting lemma, we still must present and prove a
number of other lemmas before proving that the types are preserved
in the S_LKPUSH case.

Lemma C.8 (Telescope substitution). IfT' be A «~ U and ks A,
then ¥;(A) = A.

Proof. By Lemma C.3, the domain of ¥ equals the domain of A.
Furthermore, ks A implies that all kinds in A (constructs to the
right of a colon) are well-scoped—that is, no variable is mentioned
before it is declared. Because the W;(A) operation is defined only
to substitute in kinds and to not substitute a variable after it is
locally bound, it is impossible for the substitution to change A.
Thus, U;(A) = A, as desired. O

Lemma C.9 (V;-consistency). If I' e A «w U, then T’ R
U, (dom A) < A

Proof. We wish to use clause 5 of the lifting context substitution
lemma (Lemma C.4), with p = dom A and A’ = A. We must
show I'; A ke dom A < A. This is true by straightforward
induction on the length of A. Then, we apply Lemma C.4 to get
I Ke ¥, (dom A) < ¥, (A). By Lemma C.8, this can be rewritten
asT' ke U;(dom A) <= A, as desired. O

Lemma C.10 (Lifting context extension consistency). If I' hc
A1 o U, R F,Al,Ag, I' ka Py = \If1(A2), and U’ =
extend(¥; py; Az), then T b Aq, Ag o U,

Proof. We proceed by induction on the derivation of I' x| Py <
Wi(Ag).

e Case p, = &; Ay = @: In this case U’ = ¥, and thus we must
show I" he Ay «~ U, which we know by assumption.

o Case Py = Po, T3 Ao = A, a: ks
The inductive hypothesis is: if ks T, A1, A5 T ke py <
Uy (AS), and U” = extend(¥; py; Ab), then T' b Aq, Ab s
U, We must show I' be A1, A}, a:k o~ W', where ¥/ =
extend(¥; oy, 7; A, a: k).
By the definition of extend, we know we will have to use rule
LC_TY. Itis easy to see from the definition of extend that ¥’ is
U” with an additional mapping from a. Thus, I" b A1, A «~s
U” fulfills the first premise of LC_TY. To use LC_TY, we must
show the following:



I.T R 7 UY(k)
We know I' et 75, 7 <= U1 (AS, a: k). Inverting gives us
Thy 7 W1(k)[ph/¥1(A%)]. Because we care only about
the names of the variables in the substitution expression, we
can rewrite this as I' ky, 7 : Wi(k)[py/A%]. From the
definition of extend, we can see that all of the substitutions
performed by W/ (+) that are not in ¥ map a domain element
of A} to its corresponding p € p,. Thus, we can rewrite the
judgement above as I' kg, 7 : WY (k) as desired.

2.Thky 7o U"(k) : U5 (k)
We wish to use the lifting lemma (Lemma 5.3). We know
T he Ay, Af e U7 We must show T, A1, A5 by k1 o
for some o. This fact, for ¢ = %, comes directly from
inversion on ks I', A1, A), a: k.
Now, we apply the lifting lemma to get T’ ko "' (k)
U7 (k) ~ W5(k). As shown in the previous case, I' hy
T @ UY(k). Therefore, by simple application of typing
rules, we can derive I' kg, 7> U” (k) : U5 (k) as desired.

3. Thko sym ({(1) > 0" (k) : 7~ (10" (k))
Straightforward application of typing rules.

o Case py = Py, 7 D2 = A, ¢

The inductive hypothesis is the same as in the previous case.

We must show I' e A, AL c:p e~ U where ¥/ =

extend(W; o, v; A, ¢ ¢).

By the definition of the extend operation, we know we will

have to use rule LC_Co. It is easy to see from the definition

of extend that ¥’ is ¥ with an additional mapping from c.

Thus, T' b A1, A «~ U fulfills the first premise of LC_Co.

To use LC_Co0, we must show the following:

I.Thoy : UY(0)
We know I ket 75,7 < W1(Ab, ¢ ¢). Inverting gives us
I ko vy U1 (¢))[py/ Y1 (AS)]. Because we care only
about the names of the variables in the substitution expres-
sion, we can rewrite this as T’ ko 7y Uy () [/ AL).
From the definition of extend, we can see that all of the
substitutions performed by WY (-) that are not in ¥ map a
domain element of Aj to its corresponding p € p5. Thus,
we can rewrite the judgement above as ' ke, v @ WY (@),
as desired.

2T ko sym (W/(01)) 375 0"(02) = Wi(on) ~ W (02),
where ¢ = o1 ~ 02
We wish to use the lifting lemma (Lemma 5.3) twice to
get the types of U”(o1) and ¥"(02). We know T' I
A1, Ay e~s U We must show I') Ay, As by o1 ¢ k1 for
some k1 and I, Ay, Az iy 02 @ K2 for some k2. Inversion
on b I A1, Ao, cior ~ oa givesus I', Ay, Ao e 01 ~
o2 ok, and further inversion gives us I', A1, Az ky 01 : K1
and ', A1, Az ky 02 : k2 for some k1 and ko, exactly
what we needed.
Now, we apply the lifting lemma to get T ko ¥”(0;)
U7 (0;) ~ W5(0;). As shown in the previous case, I'
v : WY (o1) ~ ¥/ (02). Therefore, by simple application
of typing rules, we can derive I ko sym (U"(01)) v 3
U (02) :+ Uy (01) ~ U5 (02) as desired.

O

Lemma C.11 (Telescope composition). If I' ke p; < A1 and
I kel 1, Pa <= A1, Ao, then T kel Py <= A2[p;/Ad].

Proof Sketch. By induction on the length of p,,. O

Lemma C.12 (S_KPUSH preservation). If
1. T kmcase (KTpery)of p—>u : oand

2. case(KTpe>y)of p— u — case (K 7/p ¢/) of p = %,
then
Ihmcase (KT p e)of p—u : o
Proof. By inversion we know that:
s K:VaTRVA.T— (Ta)
e U = extend(context(y); p; A)

o 7/ — \112(6)

o 5 = Uy(dom A)

o c;=¢>V(0;)

o Ik e : oi[7/a][p/A]

e Thn (KTpe)by : T 1.
el'kn K7pe: TT.

We will have to use rule T_-CASE to get the desired result.
Because the patterns are not changing, we need only show that
Pk K79 ¢ @ T1.

By convention, we have chosen the length of the list 7 to be the
same as that of the list a7 in the type of K. Thus, we know that
I'ky K7 : YA[r'/a]. (&[T /a] — T 7).

Now, we must show that ' ke o < A[r’/a]. This can be
rewritten as I' e Wo(dom A) < Al /al.

We know from Lemma C.10 that T' b @7k, A «~ U (using
Lemma 5.5 to get I" ke @7k «~ context(y)). Lemma C.9 then
gives us I' kel Wo(a@,dom A) < @'k, A. Invoking Lemma C.11
gives us I' ket U2 (dom A) <= A[r’/a] as desired.

We have now shown that T' ky K 775 : Ua(G) — T 7.
We need to show that T' k, ef Wy (oy), or equivalently,
T bm e > ¥(o;) Wy (o;). We will need the lifting lemma
(Lemma 5.3). We have already shown I" b @R, A «w U; we
must show I', a7k, A ky o; : K, for some type ;. By repeated
inversion on the typing judgement for K, we will get I', a7k, A hy
oi : ki as desired. Thus, the lifting lemma gives us I" ke, ¥(0;) :
Wy(o;) ~ Wa(o;). We note that, by construction, ¥+ (-) maps
@ to 7 and dom A to p. Thus, o;[7/a][p/A] = Wi(o;). Now,
by straightforward application of typing rules, we can see that
I'hm e > U(0i) @ Ya(o;) as desired.

Thus,I' km K 7/ 9" €’ : T 7/ as desired, and we are done. [

C.3 Other preservation cases
Lemma C.13 (S_TPUSH Preservation). If

1. T km (v>y) 7T : o2|7/a2] and
2.TNkoy @ Vai:ki.o1 ~Vag ka. 02
3. (v>y)T — € where

4. ¢ =v(roy)>yQ(r)> ') and
5. v = sym (nth' ~),

thenT bkm €' : o021/ az)].

Proof. By inversion of the typing derivation we know that I" Fm
vy : Vazke.ooandI' gy 7 @ K. An additional inversion
givesus I km v @ V a1: k1. 01. Therefore we can show that

e ' ¥ : K2 ~ K1, by the rules for symmetry and nth and
e 'k, 7> : K1, by casting and
¢ I'km v (T>7') @ o1[r >+'/ai1], by type application.

Furthermore, we have

ek ()b : 74 ~ 7, by reflexivity and coherence and
oI ke YQ((1) > ') o1t > 7' /a] ~ o2[r/a], by
instantiation.

Thus the final term has the desired type by casting. O



Lemma C.14 (S_CPUSH Preservation). If
1. Thn (v>v)y : oand

2. (v )y — vy pyQK
3. 7" = nth! 5+ $sym (nth?
4. Tko

thenT km v~" >~y@Q(~y"

~"), where
v) and

: (Veag.m)~ V¢ 7)),

¥ oo

Proof. By inversion, we have

e hmovby : Vo' 7
el'Kmv : Vo1
.1—\}_(20,)// . ¢/
co=1[y/c].

Let ¢ = 01 ~ 02 and ¢’ = o] ~ ob. We can show

o'k, nth! v : o, ~ ¢}, by CT.NTHICA

o ', nth? v : oy ~ 0%, by CT_.NTH2CA

o ' sym (nth? 7) : o4 ~ o2, by symmetry

o 't v’ : 01 ~ 02, by definition of transitivity

o I'km vy"” @ 7[y"'/c], by coercion instantiation

o I'ko vQ(Y', ') : 7]y /c] ~ T'[¥'/c], by CT_INSTC.

The final term has the desired type by casting. O

D. Type Erasure

We need the following small lemma before we can prove type
erasure:

Lemma D.1 (Type erasure erases types). No type variable a or
coercion variable c appears free in |e|, for any expression e.

Proof. Straightforward inspection of definition of |e|. O

Corollary D.2 (Substitution in erased expressions). For all expres-
sions e, types T, coercions -y, and variables a and c,

1. |e[r/a]| = |e|
2. lelv/cll = le|

We can now present the proof for the type erasure theorem: If
e —» €', then either |e| = |e| or |e|] — |€’].

Proof. We proceed by induction on e — €.

Cases S_. BETA, S_ TBETA, S_CBETA, S_.CASEMATCH: The erased
expression steps by the same rule as the unerased expression,
appealing to Corollary D.2 in the S_.TBETA and S_CBETA
cases.

Cases S_LEAPP, S_TArP, S_CAPP, S_.CASE: We appeal to the
induction hypothesis. If |e| = |e’|, we are done. If |e| — |€’],
then we use the same stepping rule as the unerased expression
used.

Cases S_PusH, S_TPUSH, S_CPUSH, S_COMB: Straightforward
application of the definition of erasure yields |e| = |¢’|.

Case S_COERCE:

e — ¢
————  S_COERCE
epy —e'>y

By the definition of erasure, |e > y| = |e| and |’ > | = |€].

By the induction hypothesis, either |e| = |e’| or [e] — |€’]

In either case, we are done.

Case S_LKPUSH:
K:VarVA.c— (Ta) el
U = extend(context(y); p; A)
T = ‘112(6)
7 = Wa(dom A)
foreach e; € ¢,
61{ = ¢e; D> \I/(O'Z)
case ((KT7pe)py)of p—u —
case (K17'p ¢)of p—u

S_KPUSH

Here, ¢ = case (K 7T pe)>y) of p—u and ' =
case (K 7/ 7' ¢’) of p— u. Thus, by the definition of
| = case (K ® |e|) of p— |u] and |e/| =

erasure,
case (K ® [¢']) of p — |ul. To show that |e| = |e'|, we must
show only that |e| = |e’|. From the definition of S_KPUSH,

e; = e; > U(0;) and thus |e;| = |e;| as desired.

O

E. Metatheory for Consistency

In this section, we show that good contexts are consistent contexts
following the plan laid out in Section 6. Recall the conditions of a
good context:

We have Good I' when the following conditions hold:

1. All coercion assumptions and axioms in I' are of the form
C:VA.(F7T ~ 7')orof the form c: a1 ~ az. In the first form,
the arguments to the type function must behave like patterns: for
all p, every i € 7T and every 7{ such that T |= 7;[p/A] ~ 7/,
there exists p’ such that 7'1 =T7[p/A] and T |= oy, ~ o, for
eacho, € pando,, € 7.

2. Axioms and coercion assumptions don’t overlap. For each F' 7,
there exists at most one prefix 71 of 7 such that there exist C'
and p where C: VA.F 55 ~ o1 € T'and 71 = oo[p/A].
These C' and p are unique for every matching F' 77.

3. For each a, there is at most one assumption of the form c: a ~
a orca’ ~a,anda # a'.

4. Axioms equate types of the same kind. Foreach C: VA. (F 7 ~
T’) in I', the kinds of each side must equal: for some k,
LA EFT kand T,A E 7'  and that kind
must not mention bindings in the telescope, I' |= 1 : *.

Showing that these conditions ensure that the context cannot
prove two value types equal requires a number of auxiliary lemmas.

Lemma E.1 (No free coercion variables in erased types). IfI'
T i K, then c#|T|.

Proof. Proof is by inspection of the erasure function. All coercions
are removed from types. O

Proof of Lemma 6.5 (Erasure is type preserving) If a judgement
holds in the explicit system, the judgement with coercions erased
throughout the context, types and coercions is derivable in the
implicit system.

1. If ks T then = [T

2.IfT hy 7 : wthen |[| = || : ||
3. If ' ki ¢ ok then |T'| = || ok.

4. T ko : dthen|D| = 7| : |4
5. ke p< Athen || = [p| = |A]

Proof. By simultaneous induction on the length of the explicit
typing derivation. We present a few representative cases.



Case K_CAST: Given rule:
I'konm :
I'ky 7o Ko

Fl‘tyTilil K1 ~ K2 F}_tyl/igl*

K_CAST

By induction, we have |I'| = |7| |k1] and |T| = |n]
|k1] ~ |k2| and || = |k2| : | *|. By the rule IT_CAST, we
have |I'| = |7] |i2|. Finally, by definition of erasure, we
have |7 > 7| = |7], and we are done.
Case K_CAPP: Given rule:
'kymi: Veok Thoyt @ @
Lhy iyt kln/d]

By induction and definition of erasure, we have |I'| = |71]

K_CAPP

Ve |@|. k], and |T'| = |y1] : |¢|- Hence, by rule IT_CAPP,
we have |I'| = |71] o : |k[, and by erasure |71 11| = |71] ®co-
Finally, we have |k[y/c]| = |k|, as the erasure operation erases

all coercions within k.
Case CT_CoH: Given rule:

lkoy:mi~7 Thney : &
R L CT_Con
oy @ by ~ 7
By induction and erasure, we have |I'| = |v| |T1] ~ |72

But also by erasure, we have |[y>'| = |y| and |71 > ~ 72| =
|7'1| ~ |T2|, so we are done.

Case CT_CAPP: Given rule:
T }_co Y1

LT T{
Thymive: k Thmys: k
Chom(2,72) = T2 ~ 717
By induction and definition of erasure, we have |I'| = |71]| ®co :
|51, T = [ oo : /| and [T| }= || : |ra| ~ |r{]. Hence,
by rule ICT_CAPP, we have |I'| |= |v|(0co, ®co)
|T{| e, and we are done by erasure.
Case CT_ALLC: Given rule:

!/

CT_CApPP

|7'1 ‘ O

Fkom : o1 ~01 ¢1 =01~ 02
Thkone t 02 ~0h ¢ =01 ~ 0y
ca#lyl 2 # Yl

Tcii1, coipa oy @ 71~ T2

F}—WVC1:¢>1.71: * thVCQId)Q.TQ: *

r H;o v(771ﬂ72)(cl7 CQ).’)/ : (V01:¢147'1) ~ (VCQZ¢2.7'2)
By induction and definition of erasure, we have

* LI EIm| : |ou| ~ol,

Tl Il : o] ~ o2,

* [¢1] = |o1| ~ |oal,

* |p2| = |o1| ~ |oa],

o ||, ciz|al, catla| = ] = [m| ~ |72,

o |F| 'ZV61:|¢1‘.|T1| Dok, and

° |P| ':V02Z|¢2‘.|T2| Dok,
Furthermore, the original rule restricted c¢; and c from
appearing in |vy|. Hence by, ICT_-ALLC, we have |I'|
(] sy (Cr€2):- s (V ezl [maf) ~ (¥ cat [zl [72])
and we are done by erasure.

O

Lemma E.2 (Application). IfT | 01 < o] and T = 02 & 0%
thenT |= 0102 & 0} 0.

Proof. Let 71 be a join point of o1,07, and 72 a join point for
02,0%. By repeatedly applying rule TS_APP and reflexivity of
rewriting, we find that 71 72 is a join point for o1 o3 and o7 0. [

Lemma E.3 (Type function preservation). If GoodI, I' E
F71 ~ 01 by TSRRED, and ' = F73 ~ o2 with the list

To a proper prefix of T1, then oo = FTZfor some types ?é with
=72~ 74

Proof. We invert I' = F 717 ~» o1 to see that there exist C' and
psuchthat C: VA. (F7 ~ 7') € T and 71 = 7[p/A]. By the
definition of Good I', we see that there must be only one prefix of
71 such that we can find an applicable axiom. Thus, rule TS_RED
will not be applicable for F' applied to any prefix of 71 of length
shorter than that of 77.

We proceed by induction on the length of the list 72.

Base case: The list 72 is empty, and thus we have I' |= F' ~~ o3.
We must show that oo = F'. Because the empty list is a prefix
of 71, we know that TS_RED cannot apply. Thus, the reduction
must be by TS_REFL and we are done.

Inductive case: The list 77 is 73, 74, and we have I' = F T3 74 ~~
o2. Because 73,74 is a prefix of 71, the rule TS_RED does
not apply. Only rules TS_REFL and TS_APP may apply. If
we have used TS_REFL, we are done. Otherwise, we know
' = F73 ~ oz and I' &= 74 ~ 04, where 02 = 03 04. By
induction, we know that o3 must be F' o where I' |= 73 ~» o}.
Thus, o2 = F 0} 04 where I |= 73, 74 ~» 04, 04, as desired.

O

Lemma E.4 (Unique type function reduction). If GoodT, I" =
F' T ~ o1 by TS_RED and T = F T ~» o2 by TS_APP, then
o2 =F 7/ wherel' =T ~ 7.

Proof. Since I = F' 7 ~» 02 by TS_APP, we must have 7 = 71, T2

and 02 = ogos, With ' |E F74 ~ oz and ' = T2~ 04
By LemmaES, we know that o3 must have the form F' o/ where
I’ = 71 ~» o}. We thus have the desired result. O

Lemma E.5 (Single Step Substitution). IfT' = 7 ~ 7/, o well-

formed and a not free in T, then T |= o[r/a] ~ o[’/ a).

Proof. By induction on o. For instance, if c = Vc: o1 ~ 02. o',
by induction,

L o'lr/a] ~ o'[r'/dl],
T Eoi[r/a] ~ o[t /al.
Thus, by rule TS_ALLC, we conclude
I'E (Veor ~os.0)r/a] ~ (Veor ~oa.0)1 /al.

The other cases are similar. O

CT_ALLGnd also

Here, we prove completeness of the rewrite reduction with re-
spect to the coercion relation. The two key lemmas of the complete-
ness proof are that joinability is preserved under substitution, and a
local diamond property of rewriting.

Lemma E.6 (Local diamond property). If Good I, T |= o ~ o1,
and T |= o ~> o then there exists o3 such that T |= o1 ~~ o3 and
I'=o02~ 03,

Proof. Induction on lengths of the two step derivations with a case
analysis on the last rule used in each.

The overlapping cases are TS_REFL and anything else,
TS_APP-TS_RED (and symmetric), and all instances with the same
final rule on both sides. The reflexivity overlaps are trivial. All
other pairs of rules apply to types with different head forms. Of the
same-same overlaps, most follow by induction. (We demonstrate
an example of this pattern with case TS_APP-TS_APP below.) The
exception is TS_RED-TS_RED and TS_VARRED-TS_VARRED
which are both deterministic. Below, we complete the proof with
the TS_APP-TS_RED case.



Case TS_APP-TS_APP Concretely, we have a type 7o with re-
ductions:

’ / " "
Fr'Eto~T1o, TETo~T 0
Now, we can deduce:
'Eowo, TkEowd'

1"

So by induction, we can find ¢”’ that is a common reduct. We

also know
F'Er~7, TET~1"

n

So, also by induction, we can find 7" that is a common reduct

of the two. Hence, by TS_TAPP,
P ): 7_/ 0_/ ~ 7_/// 0/// F ': 7_// 0_// ~ 7_/// 0///

Case TS_RED-TS_APP Concretely, we have a type F' 7, with
reductions:

I'=(F7)~o1, T'E(FT)~dayo

where the first reduction is a type function reduction. Now
note that, since context is good, type functions axioms are
nonoverlapping. Now say that 7 = 7o, 0. We have by inversion,
I' = F 7 ~ o0b. By Lemma E.4, we have that 05, = F 7,
such that T |= 7p ~ 7, and so that T’ |= 7,0 ~ 74, 0’. We
have that if the coercion for F'is C: VA.(F 71 ~ 1), then
we have 7o, 0 = 7i[p1/A] (for some p;, and now by the first
condition of good contexts, we have a p,, such that

I'Ep~ 7
In which case we have a reduction ' = F 740’ ~ 7{[p} /A].

But, by an extension of Lemma E.10 for telescopes, we have
that

00" =7i[p} /A

o1 =7i[p1/A]
as desired.
Case TS_RED-TS_RED Concretely, we have a type F' 1 og,
which can also be written as F' o3 o4, such that we have
reductions:

I o1~ 7i[p1/A]

TEFg~o, TEFG~"

But since good contexts have nonoverlapping axioms, we have
that only one axiom applies. Hence, we are done: 0’ = 0.

O

Lemma E.7 (Transitivity of Rewriting). If GoodT and T =
01 o2andl =09 < 03, then T |= 01 < 03.

Proof. Appeal to the local diamond property. Suppose 12 is a join
point for o1, 02 and 23 is a join point for o2, 3. By Lemma E.6,
there is a join point o¢ for o12, 023, and hence is a join point for
01,03. D

Lemma E.8 (Multistep Substitution). If ' &= 7 ~* 7/, o well-
formed and a not free inT, then T = o[t /a] ~* o[t/ a].

Proof. By induction on the length of the reduction I' = 7 ~*
7'. The base case is trivial, and the inductive step follows by
Lemma E.5. O

Lemma E.9 (Single Substitution). If T =7 < 7/, andT |= o ~
o', with o, o’ well-formed and a not free in T, then T |= o[T/a] <

o'[r'/al.

Proof. There is a join point 7/ of 7 and 7', we can apply
Lemma E.8 to the reductions T' = 7 ~* 7”7 and T = 7/ ~* 77,
and connect two reductions with Lemma E.7. O

Lemma E.10 (Single Step Double Substitution). Suppose Good I"
and T |= o ~ o', with a free in o and o’ free in o’ well-formed,
andT =T, cca ~ o', 7" orT =T1', cca’ ~ a,T". Then
Good (I, T")[7/al[7’/a'], and if (X', T")[r/a][T"/a'] E T &
7/, then (T, T")[7/a][7'/d] E o[r/a] & o'[7'/d].

Proof. Note first that since Good I', the only axiom mentioning

a,a’ is c. Hence, Good (I",T")[r/a][r’/a’] is immediate. The
rest follows by induction on the derivation of T’ = 0 ~~ o”.

Case TS_REFL: Follows from Lemma E.9.
Case TS_ALLT: The rule is
I'TVErkwr T,ca~a,l'Eo~od
INIVEVa:k. o~ Ya:k'. o

where a1 # a2 # a # o/, and I, TV =T, ¢':a ~ o/, T".
By induction, we have both (I',I")[7/a][7'/a’] & k[T/a] &
k[t'/ad'] and T[r/a][7’/a'], ¢ a1 ~ a2, T'[7/a][7'/d'] |=
o|r/a] & o&'[7'/a’]. But now, we can put these transitions
together with rule TS_ALLT: first, we have

(T, 1) [ /al[r'/a'] =

Yai:w[r/al.olr/a] < Vai:k'[1'/d’]. o7/ a)

TS_ALLT

By a-renaming, the right hand side is V ao: &'[7"/a']. o[/ a)].
Now, we have

(T, T)[r/allr' /a'] =
Va:&'[t'/a'].o[T/a] &V ax:&'[7"/a']. o'[7" ] d)
and we are done by Lemma E.7.

Case TS_ALLC: Almost identical to the previous case.

Case TS_RED: Follows from Lemma E.9.

Case TS_VARRED: If the coercion in question isn’t ¢z a ~ a’,
then this case is trivial. Otherwise, we have by assumption that
(I, T")[r/a][r'/d'] = T < 7', which is exactly what we
need to prove.

Case TS_APP: Similar to the previous cases. By induction (sup-
pose we are substituting o', 0",

(F/, F//)[U///a} [O_////a//} ': T[O'///a] <:> 7_/ [O_////a/]
and
(', )" fallo”/a'] = olo" fa) ¢ o'lo"" /).
So, by applying TS_APP, we have
(F/’ F/I)[O_///a] [o_////a/] ):
(0" /al (olo"/a]) < 7'[0" /a'] (o]0"/a])
and
(1—\/7 F”)[O'l//a] [O_/ll/al] ):
T/[o_ll//al] (G'[G'N/a}) <:> TI[O'”//a/} (UI[U”,/GI})

so we are done by Lemma E.7.
Case TS_CAPP: Immediate, by induction.

O

Lemma E.11 (Substitution). Suppose GoodT andT' | o ~*
o', with a,a’ free in 0,0/, and T = T',ca ~ ao, I
Suppose also that (', T")[7/a][7'/a'] & 7 < 7'. Then,
(I, 0")[r/d][r'/a'] = olr/a] & o'[7"/d'].

Proof. Induction on the length of reduction I' = o ~~* o’. The
base case is trivial. The inductive step follows by Lemma E.10 and
Lemma E.7. O



Corollary E.12 (Joinability substitution). Suppose Good I" and
I' = o & o, with a,d free in 0,0, and T = T', cca ~
a’,T". Suppose also that (T",T"")[r/a][7'/a’] &= 7 & 7. Then,
(I, T")[r/allr'/d'] |E olr/a] & o'[7/a"].

Proof. By induction on the number of transitions in T = o < o.
The base case is trivial. For the induction step, we can use the
induction hypothesis, combined with Lemma E.11. O

Lemma E.13 (Joinability strengthening). If Good (T, a: k,T")
and T, a:k, I |= 11 & T2, then Good (I, T") I, T =711 & 7.

Proof. By inspection on the rewrite relation. The rewrite relation
does not depend on any type bindings in the context, only axioms.
O

Lemma E.14 (Basic implicit substitution). 1. If T, a: k1, IV |
T ¢ keandT E o k1, then T,T'[o/a] = T[0/a]
kalo/al.

2.IfET, aak, IV andT =0 : k1, then =T, T [0/ al.

3T, k1, IV E¢pokandT =0 : k1, then T, [0/a] =
@[o/a] ok.

Proof. Straightforward mutual induction. O

Lemma E.15 (Implicit regularity/generation). IfI" =7 : K, then
I' =k : *and the height of this derivation is at most the height

ofT =71 K

Proof. Straightforward induction, appealing to Lemma E.14 in the
IT_TAPP case. The base cases appeal to rules IT_STARINSTAR and
IT_ARROWK. O

Lemma E.16 (Weakening for implicit system). IfI" =7 : &,
then T, T" =1 : kfor any I" such that |= T, T", and there exists
a derivation of T' = 7 K with height at most the height of the
derivation of T,T' =7 : k.

Proof. Straightforward induction. O

We need a lemma to deal with the kind ~ construct. Essentially,
this lemma states that we don’t need the kind ~y construct, as it is
already internalized in our system.

Lemma E.17 (Admissibility of ‘“kind”). Suppose we have a
derivation T |= v : T1 ~ T2, such that T |= 1 K1 and
T'E 72 : k2 and fev(y) C dom T’ for some subcontext T satis-
fying Good I". Then, there exists a derivation T’ En: K1~k
at strictly lower height, for some 1, such that fcv(n) C domT".

Proof Sketch. By induction on the derivation I' |= v T1 ~ T2.
Most cases are straightforward. We consider two here.
Case ICT_TRANS: Given rule:
I : ~ I . ~
Funinem TE®R RS op g
FEYysy i~

Note that the free coercion variables of v; § 72 lie in a good
context, so the same is true of ;1 and ~2. Hence, by induction,
we are able to find derivations of I' = m; K1 ~ ko and
L En K2 ~ k3, both of height less than that of any
premises of ICT_TRANS. Now, by ICT_TRANS, we are able to
create a proof I' |= 11 § 72 K1 ~ k3 at height strictly less
than that of the conclusion, and we are done.

Case ICT_AXIOM: Given rule:
C:YA. (n~m)el T'Ep: A
I'=Cp : mp/A] ~ 72[p/A]

Note that the free coercion variables of C'p lie in a good
context, so the same is true of C' and p. Thus, the axiom lies
in a good subcontext. By definition of Good I'', we have that
both sides are kind & for a closed kind. Hence, simply choosing
n = (k) suffices. This  will have no free coercion variables
(appealing to Lemma E.1), so the restriction on free coercion
variables is vacuously satisfied.
But, what is the height of the derivation of I" |= (k) : Kk ~ K?
It is one more than the height of I' = k : o, the premise of
I E (k) k ~ k. This derivation I' = & o must be
a part of the derivation concluding in ICT_AXI10M: One of the
premises to [CT_AxioM is I' = p : A. That judgement, in
turn, must eventually appeal to IT2_EMPTY, which depends on
= T'. Because C' € domT, the proof of = I must appeal to
IV_AX, which in turn depends on I', A ): 71 ~ T2 ok. This
dependson ' A = 7y k. By Lemma E.15, the proof that
A =k o (for 0 = ) is strictly smaller than that of
LAE™®™ . From the fact that C lies in a good context,
we know that x must not contain variables introduced in A, so
there exists a derivation I' | & o and the height of this
derivation is no larger than the height of I,A = £ : o,
invoking Lemma E.16. Thus, the height of I' |= (k) : kK ~ K
is strictly smaller than the height of the derivation concluding
in ICT_AXIOM, as desired.

ICT_Ax10M

O

Lemma E.18 (Nth joinability). Suppose thatT = Hp < Hp,
and GoodT. Then, T |= p; < pj.

Proof. By induction on the length of the telescopes (by inversion,
both have the same length). The base case is trivial. For induction,
note that H p, H p’ must both step by TS_APP. Hence, by the form
of that rewrite rule, say that p = pg,po and p' = Py, po, and
the length of the telescopes are preserved. So, ' |= po < pg. If
we want the last element in the telescope, we are done. Otherwise,
I = H p, < H pj, and we are done by induction. O

From these lemmas we see that joinability is complete.
Proof of Lemma 6.7 (Completeness) Suppose that I' = ~
o1 ~ 02, and fev(y) € dom T’ for some subcontext I satisfying
GoodI". ThenT = o1 & 0.

Proof. By induction on the structure of I' =y : o1 ~ 02.
Case ICT_CAPP: We have rule:

Ty :7~71

F'ETew : k6 TET g : K [CT CApp

T e~ T e,

I'E= (0o, ®co)
Note that the free coercion variables of (e, ) lie in a
good context, so the same is true of . Hence, by induction,
rere 7'. Then, by Lemma E.2, we are done.

Case ICT_ALLC:

1"):771:0-1,\,0—’1 ¢1:0'1N0'2

T'kEmn : oa~0y ¢2=01 ~o0h

a#y c#y

L, ci:¢r, cnpa =y + 11~ 12

I ):VC1:()231.T1 % T IZVCQZ¢2.T2 Dok

I ': v(mﬂm)(cl’ 02).7 : (VC12¢1.T1) ~ (VCzi(bz.Tz)

Note that the free coercion variables of V., n,)(c1, c2).7y lie
in a good context, so the same is true of v, 71, and n2. Hence,




by induction, there is a join point o7 for o1 and o/, and there
is a join point o4 for o2 and 5. Let ¢ = of ~ o4. Also by
induction, there is a join point 7 for 71, 72. By rule TS_ALLC,
we have that

FT'EVe:gr.m ~" Ve ot
and
FEVeigem~"Veuo. T

and hence they are joinable.
Case ICT_INST:

F'Ev : Varki. 1) ~ (Y ag: k2. T2)
F':'YQ 01~ 02

ko1 : k1 TlEo: ke
I'EmQ@y @ 7ifor/m] ~ 7202/ ar]

Note that the free coercion variables of v@~+’ lie in a good
context, so the same is true of v and ~. Hence, by induction,
I ): 01 < 02, and I ': (V ar: I€1.7'1) =4 (V az: k. TQ). Now,
by inversion on the step relation for quantified types, we find
thatT', ¢: a1 ~ a2 |E= 71 < 72. By substitution (Lemma E.11),
we have I' = 71[01/a1] & 7202/ az2], as desired.

Case ICT_INSTC:

T'E~y:
FEmn

ICT_INST

(Veor~oo.7)~((Vc'iol ~o5.7)
01~ 02 F':’YQ:O-iNO-é

I'E1Q(ec, 0co)

Note that the free coercion variables of Y@ (e, ®c,) lie in a
good context, so the same is true of . Hence, by induction,
I' E Weo1r ~ 02.7) & (Veoy ~ 03.7"). Now, by
inversion on the step relation for quantified types, we find that
I' =7 < 7/, and we are done.

Case ICT_REFL: Trivial.

Case ICT_SyM: Trivial.

Case ICT_TRANS: Follows from Lemma E.7.

Case ICT_APpP: Follows from Lemma E.2.

Case ICT_ALLT:

T'En: ki ~kKe
F, ai: K1, a2: kK2, C:ai ~ a2 )Z’)/ L T1 Y T2
F'EVaikin : x DEVarke.m %

I' =Vy,(a1,a2,¢)y :

Note that the free coercion variables of V, (a1, az, ¢).y lie in
a good context, so the same is true of y since c: a1 ~ az is a
good assumption that doesn’t overlap with the previous axioms,
as the variables a1, az are fresh. Hence, by induction, we have
T, a1t k1, a2: ke, ccax ~ a2 |E 71 < T2, which we can
strengthen to T, c: a1 ~ a2 = 71 < T2, by Lemma E.13.
Also by induction, we have I" |= k1 < K2, which allows us to
finish the rule by TS_ALLT.

Case ICT_VAR: Trivial, all assumptions are rewrite rules in good
contexts. Note that ¢ must be a good assumption in the context.

Case ICT_AX10M: We have the rule:

C:VA.(n~m)el T'Ep: A
TE Cp : nlp/Al ~ /A
‘We know thit C lies in a good context, so we know that 71 has
the form F ;. Thus, rule TS_RED shows that I |= 71 [5/A] ~»
T2[p/A], so we are done, noting that TS_REFL shows that
' = m2[p/A] ~ m2[p/A] as well.
Case ICT_NTH: We have the rule:
'y : Hf~HT
1"|:nthi'y cT~T!

%

r T~ T

(Var:k1.711) ~ (¥ az: k2. T2)

ICT_AX10M

ICT_NTH

Note that the free coercion variables of nth®  lie in a good
context, so the same is true of . Hence, by induction, then
Lemma E.18, we are done.

Case ICT_NTH1TA: We have rule:

F'Ev @ (Vacki.m) ~ (Va ke 72)

ke nth' v,

Note that the free coercion variables of nth' ~; lie in a good

context, so the same is true of ;. Hence, by induction on ~1,

the two quantified types have a join point. By inversion on the

rewrite relation, both sides must step via TS_ALLT. Hence, we

can find a join point for the kinds, and I |= k1 < k2 as desired.
Cases ICT_NTHICA, ICT_NTH2CA: We have rules:

FE~:

ICT_NTHITA
DR1 Y R2

(Ver ~Ke.7)~ (Vi) ~ Ky 7))
I' = nth!y :

K1~ K]

'y : Vakt ~kem)~ (V'ikl ~ Ry 7")
I'Enth?y @ ke ~ k)
Virtually identical to the previous case.
Case ICT_EXT: We have rule:
F'Ey:mn~mn I'En ke TE®: ke
I' Ekind~y :
By the admissibility of kind v (Lemma E.17) we can construct
a derivation of I |= 7 K1 ~ Ko at strictly smaller height
that proves the same equality, such that ) has free variables in a
good context. Then, we are done by induction.

K1 ~ K2

O
Lemma E.19 (Consistency). If Good |T'| then I is consistent.

Proof. Suppose I' ko v : & ~ &2. Then, we have that
IT| = || : |&1] ~ |&2]. By completeness, we have that those two
types are joinable. There is some o such that |I'| = [£1] ~* o and
T & |&| ~* o. However, by inversion on the rewriting relation,
we see that it preserves the head forms of value types (since there
exist no axioms for those by the first condition of Good |T'|). Also,
we know that erasure preserves head forms. Thus, &; and &2 (and
o) have the same head form. O

F. Metatheory for Progress

Using the consistency lemma, it is straightforward to prove
progress. We refer the reader to previous work (Weirich et al. 2010)
for this proof, which requires only one more case for the current
system:

Lemma F.1 (Progress for T_-CONTRA). Assume X is a closed,
consistent context. If ¥ km contrayT T, then there exists
some e such that contray T — e.

Proof. By inversion on ¥ km contrayT T, we get that
Yty : Hip, ~ Hap,andthat Hy # Hz. However, these facts
exactly contradict the fact that X is consistent. Thus, our premises
are absurd and we are done. O

ICT_NTHICA

ICT_NTH2CA

ICT_EXT
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